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Introduction. 

Cheeger, Goresky, and MacPherson conjectured [CGM] an L 2 -de Rham theorem: that 
the intersection cohomology of a projective variety V is naturally isomorphic to the L 2 - 
cohomology of the incomplete manifold V — Sing]/, with metric induced by a projective 
embedding. The early interest in this conjecture was motivated in large part by the 
hope that one could then put a Hodge structure on the intersection cohomology of V 
and even extend the rest of the "Kahler package" ([CGM]) to this context. Saito [S1,S2] 
eventually established the Kahler package for intersection cohomology without recourse to 
L 2 -cohomology techniques. Interest in L 2 -cohomology did not disappear with this result, 
since, among other things, L 2 -cohomology provides intrinsic geometric invariants of an 
arbitrary complex projective variety which are not apparent from the point of view of 
-D-modules. For instance, L 2 — 9-coholomology groups depend on boundary conditions 
([PS]), which, as we show here, must be treated carefully in order to give the correct 
Hodge components for the L 2 -cohomology of a singular variety. 

It was quickly realized, however, that for incomplete manifolds the Hodge and Lefschetz 
decompositions are not direct consequences of the Kahler condition as they are in the com- 
plete case. The primary obstruction to obtaining a Hodge structure on the L 2 -cohomology 
is an apparent technicality: on an incomplete Kahler manifold there are several potentially 
distinct definitions of a square integrable harmonic form. For example, a form h might be 
considered harmonic if dh = = 8h, or if dh = = dh, or simply if Ah = 0. Moreover 
there are further domain considerations: one imposes boundary conditions, which turn out 
to have no effect on cohomology in the case of d, but are crucial for 9-cohomology. 

On a complete manifold all these definitions of harmonics coincide, and one obtains the 
Hodge decomposition by decomposing harmonic forms into their (p, q) components. The 
(p, q) components are harmonic in the weakest sense - they are in the kernel of A. The 
equality of the different notions of harmonic then allows one to realize these (p, q) compo- 
nents as representing both 8 and d cohomology classes. The equivalence of the different 
definitions of harmonic is also required in order to obtain the Lefschetz decomposition. 
Interior product with the Kahler form preserves the kernel of A by local computation. 
One requires the equivalence to see that it also preserves the kernel of d. 
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Ohsawa [02] proved the conjectured L 2 -de Rham theorem under the extra assumption 
that V has only isolated singularities. Strangely, the L 2 -cohomology in the incomplete 
metric played almost no role in his proof. It entered only as a limit of cohomology groups 
with respect to a family of auxiliary complete metrics, which degenerate to the incomplete 
metric. The proof relies on earlier work of Saper [Sa] where V — Sing V (under the isolated 
singularities assumption) is endowed with a complete Kahler metric whose associated L 2 - 
cohomology is isomorphic to the intersection cohomology of V. Saper's result also provides 
the intersection cohomology of varieties with isolated singularities with a (non-canonical) 
Hodge decomposition. 

This paper began as an attempt to compute those L 2 -<9 cohomology groups for surfaces 
which had not been computed in [PS] and to show that they give the same Hodge structure 
as Hain and Zucker obtain in [HZ] using resolution of singulaties. In order to show that 
the d cohomology groups actually gave the components of the Hodge structure, we were 
forced to overcome the above technical difficulties and to understand the relations between 
the domains of A, d, d, etc. Ultimately we were led to establish a "good" harmonic theory 
for varieties with isolated singularities. To do so, we show that the harmonic forms satisfy 
certain growth estimates near the singular points. With these estimates we can manipulate 
the harmonic forms as though they were on a complete manifold. For example, we show 
that in degrees other than n — l,n, and n + 1, n = dimcV, the L 2 kernel of A is contained 
in the kernels of d, 5, d, and With this and related results we obtain the pure Hodge 
decomposition and the Lefschetz decomposition for the L 2 -cohomology, in the same manner 
as in the complete case. 

Some of the estimates we derive could also be obtained by appropriately elaborating 
arguments of [01] and [02]. They are proved here, however, using the incomplete metric 
itself rather than families of auxiliary complete metrics, because we hope to develop the 
tools for working directly with the L 2 -complex in the incomplete metric. We have not, 
however, reproved all the results that we need from [01] and [02]. In particular, we do 
not reprove the isomorphism between intersection cohomology and L 2 -cohomology. It is 
clear that our estimates do not yet imply the requisite vanishing in middle degree, which 
in Ohsawa's proof ultimately relies on a computation of Saper [Sa]. 

As we mentioned above, this line of investigation began with an attempt to calculate 
those L 2 — 9-cohomology groups of an algebraic surface which had not already been calcu- 
lated in [P] and [PS]. Since the L 2 — <i-cohomology had been computed locally, it seemed 
natural to put our calculations and their relation to a proposed Hodge filtration into a local 
context using the derived category, which would globalize to the required Hodge structure. 
Thus, the second main result of this paper is to show that {C N i D ,!F') admits the structure 
cohomological Hodge complex ([D]), where C' N / D is a complex of sheaves of L 2 forms (with 
mixed Neumann and Dirichlet bounday conditions) and T' is the filtration by holomorphic 
degree. We have proved this result only for complex surfaces. 

Related work has been done by Fox and Haskell [FH] and Nagase [N] in which a Hodge 
decomposition was stated for the L 2 -cohomology of normal singular surfaces. Their work 
relies implicitly on the inclusion in degree of the L 2 kernel of A in the kernel of d. The 
Kahler package for curves was proved by Briining and Lesch in [BL]. 

In the next section we give a precise statement of our main results. 
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§1: Statement of the main results. 

We begin with a review of some of the basic ideas of L 2 -cohomology for complex vari- 
eties ([P, PS]). Let V be a projective variety with singular set Sing V. From any projective 
imbedding V M, where M is a compact Kahler manifold, V — Sing V inherits a Kahler 
metric g, which we call an ambient metric] or Fubini-Study metric, if M = F N . It is incom- 
plete if SingV 7^ 0. The pointwise inner product of /c-forms uj\ and U2 with measurable 
coefficients will be denoted < u>i,u)2 > g , and the global inner product is 

(^1,^2)3 := / < oji,cj2 > g dV g 

^U-SingU 

where dV g denotes the volume form of the ambient metric; subscript g's will be dropped 
in general and the norm of a form u will be denoted ||u;||. Since the quasi-isometry class 
of an ambient metric is independent of the choice of M or its metric, there is, for each 
nonnegative integer k, a well-defined sheaf C k on V of locally L 2 k- forms: if A4 k denotes 
the sheaf on V — Sing V of /c-forms with measurable coefficients, then for each open set 
UCV 

(1.1) C k (U) := {u e M k (U - SingV") | \\oj\K\\ < 00, for all compact K C U} 

Now since V is compact the space of global sections C k (V) is a Hilbert space with respect to 
the inner product (•, •) and the subpaces A k (V — SingV) of smooth compactly supported 
forms and A k (V — SingV) of smooth forms are dense. The exterior derivative d cp t : 
A k (V — Sing V) — > A k+1 (V — Sing V) admits (at least) two closed extensions to operators 
d 7v and do from C k (V) to £ fc+1 (V), the Neumann and Dirichlet extensions, so named 
because of the analogy with classical boundary conditions: these are, respectively, the 
graph closures of d restricted to A k (V — Sing V) and of d cp t ([PS, p,606]). The cohomology 
groups of the resulting complexes 

(1.2) (L N ,d N ) :=(L f]d^L-,d N ) 
and 

(1.3) {L D ,d D ):={Lf\d- D 1 L\d D ) 
are denoted 

(1.4) H* N (V) and H* D (V) 

respectively, and are called L2-de Rham- cohomology groups. The operators djv and do are 
the maximal and minimal closed extensions of d cp t- Others are possible, but it turns out 
([O]) that H%f(y) and H^(V) are canonically isomorphic to the intersection cohomology 
groups IH*(V) when V has only isolated singularities, so that in this case (and probably 
in general) all choices of boundary conditions (closed extensions of d cp t) yield the same de 
Rham L2-cohomology groups, which we denote 



H*(V) 
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Now the definitions (1.2)-(1.4) for de Rham complexes and cohomology work just as 
well for the corresponding (^-complexes and cohomology, giving for each p, < p < dim V, 
complexes 

(1.5) (l%,d N ), (L p D \B D ) 
and Li — d-cohomology groups 

(1.6) H%*(V), H p D *(V) 

However, as was already noted in [P, (4. 13)], [PS, Theorem B], unlike the de Rham groups, 
these are sensitive to changes in the boundary conditions. In order to state our first main 
result about Hodge structures, we introduce another <9-domplex, which mixes Dirichlet 
and Neumann boundary conditions, and has cohomology in general different from that of 
either of the ^-complexes above. Namely, we define for each p, < p < dim V, 

(1.7) (£ p '',<§) := (C nB^C.B) 
where 



(1.8) 3 p > q := 

and let 



, P + q < n, 
dpi 9 > P + q> n 



(1-9) H p D * /N (V) 

denote its cohomology groups. 

We can now state our first result concerning Hodge structure; for completeness we first 
give the standard definitions: 

1.10. Definition Let A be a subring of R such that A <g> Q is a field. An A- Hodge 
structure of weight & is a quadruple (Ha', He, F'; i), where Ha is a finitely generated A- 

module, He is a C- vector space, % : Ha®C He is an isomorphism, and F' is a decreasing 
filtration of H c such that F°H C = H c , F k+1 H C = and H c = FPH C © F k ~P+ 1 H c , for 
p = 0, 1, . . . , k. We call the above data an A-Hodge structure on He and say He has an 
A-Hodge structure. We define the Hodge (p, q)- component H p > q to be F p Hc fl F k ~vHe; it 

— 

then follows that He = ®H p,q , the direct sum of its (p, g)-components, H p,q —> F p /F p+1 , 
and = H q > p for all p. 

Equivalently, a Hodge structure is such a direct sum decomposition; and the filtration 
is recovered by setting F l = (B p >iH p ' q . 

1.11. Theorem A Let V be an n- dimensional complex projective variety with isolated 
singularities. Then for each k, < k < n, there is a canonical isomorphism 

H k (V)=(B p+q = k H p D q N (V) 



PURE HODGE STRUCTURE ON L 2 -COHOMOLOGY. 



5 



so that (IH k (V); H$(V),i; F') is aZ-Hodge structure of weight k, where i : IH k {V)®C — > 
H k (V) is the canonical isomorphism ([02]) and F' is filtration by holomorphic degree. 

This theorem is proved by decomposing the space H^V) of harmonic representatives 
of H k (V) into a direct sum of spaces T^ P jy N (V) of harmonic representatives for H^J N (V). 
In the case of complete (in particular, compact) Kahler manifolds, the <i-Laplace operator 
itself decomposes into a sum of <9-Laplace operators([Zl]); this is the usual route to the 
Hodge decomposition above. In our incomplete case, however, it will turn out that only 
in degrees k, \n — k\ > 2, does such an operator decomposition hold. This is connected 
to the sensitivity of 8 to boundary conditions and will be discussed in detail in §2, where 
Theorem A is proved. In addition we will prove there that other parts of the "Kahler 
package" hold, as conjectured in [CGM]: the Lefschetz decomposition ("Hard Lefschetz") 
and the polarization of the Hodge structure on the primitive subspaces of L2-cohomology. 

The second main theorem of this paper works in a context which is a sheafification of 
the definition of Hodge strucure above and is proved by a combination of algebraic and 
analytic methods. Here we get the Hodge strucure by identifying the filtered complex of 
sheaves of Z^-forms with a filtered complex of sheaves whose global cohomology is known 
to have a Hodge structure in this sheaf-theoretic sense. The sheaf-theoretic definition of a 
Hodge structure is given next. 

Let R be a commutative ring and let X be a topological space. Let V b R (X) denote the 
derived category of complexes of .R-sheaves on X that are bounded below, and T>F R (X), 
the corresponding derived category of filtered complexes. 

1.12. Definition ([D, (8.1.2)]) Let A be a subring of R such that A®Q is a field. Let X 
be a topological space. An A-cohomological Hodge complex is a quadruple (JCa', JCc, J~ ', a) 
where 

a. JCa is an object in V A (X), 

b. (/Cc, F') is an object in VF^X), 

— h 

c. a is an isomorphism JCa <S> C — ► /Q in V C (X) and 

d. For each k and p the map H k (RT(X : F P JC C )) -> H k (RT(X, JC C )) is injective 
and the quadruple (H k (RT(X, JCa))', H k (RT(X, JCc)),F'; H k (RT(X, a))) is an A- 
Hodge structure of weight k on H k (RT(X 7 /Cc)), where 

F p H k (RT(X,JC c )) :=im(H k (RT(X,F p lCc)) ^ H k (RT(X, JC C ))). 

We call the above data an A-cohomological Hodge structure on JCc- It follows from 
condition d. that the spectral sequence of the filtered complex (RT(X, JCc)), F') collapses 
at the £^ 1 -term and that the induced map 

H k (RT(X,gj*;lCc) -> F p /F p+1 4— H p ' q 

is an isomorphism. 

1.13. Remark: The vector spaces in d. above are hypercohomology. But since all the 
sheaves we use are fine, this is the same as the cohomology of the global sections. 



6 



WILLIAM PARDON AND MARK STERN 



1.14. Example: Let n : (V,E) — > (V, SingF) be a resolution of singularities of a 
complex projective variety V with isolated singularities SingF, where E is a divisor with 
normal crossings. Define a complex of sheaves A on V by 

i- = TT^^logE) 4- TT^l (logE) 4- • • • 4- 7T,^- 2 (l0gi?) - 

- tt40 G ^(logE)^ G it*{l E Al{\ogE))} A 
- 7r,(T s ^(logE)) 4. ^{X E Af\\ogE)) ^(X E Af(\ogE)) 
which we abbreviate to 



(1.15) A := 



7r*(^(log£), k < n, 
7r*(J B ^(log£;), k > n 



where A^ilogE) is the sheaf of /c-forms on V with at worst logarithmic poles along E 

and X E is the ideal sheaf of E. In [HZ, Z2], Hain and Zucker noticed that A satisfies the 
axioms ([GM]) for intersection cohomology: for small U containing a singular point v of 
V, the complex of vector spaces T(U; (Ay (log E)) computes the cohomology of U — v 
while T(U; TT*(X E Ay(logE)) computes that of U. which matches the local computation of 
intersection cohomology. Hence, if XHz denotes the complex of Z-sheaves of intersection 
cochains on V with middle perversity, there is a unique isomorphism ([GM]) a : XTi^C 
A in T>^(X). It was known that the mixed Hodge structure on IH*(V) was pure, and they 
also showed that the usual filtration by holomorphic degree induces a filtration T' on A 
so that the quadruple (XHz] A a) is a Z-cohomological Hodge complex. In particular, 
we get a Z- Hodge structure of weight k on IH k (V; C) = H k (V; A) for all k. 

1.16 Remark One may also define for each p the corresponding 9-complex 

>• = ^Af(\ogE) *> ^Af(\ogE) *> ■ ■ ■ *> ^A p f- p - 2 (logE) -> 
-> njcj) G A p f- p - X (log E)\B<P G ^(X E A p f- p (\ogE))} *> 

(1.17) 

- ^(^^^(logi?)) i> 7r,(X s ^ n - p+1 (log£;)) - ■ • • 7r,(J £ ^ 2n - p (logi?)) 

and one expects that the (p, (/) components of the Hodge structure on H k (V; A), the spaces 
H k (V; gr%A), will be H q (V; A p ^) for p + q = k. This is indeed the case when n = 2, but 
requires some proof, because the complexes gr p T A and A p '' are not the same: for instance, 
a form of type (p, n — p — 1) in „4. n_1 must satisfy 50 G 7r* (2#»4^ + ,n ~ p ~ (log-E)), 

whereas no such condition is required for membership in A p,n ~ p ~ 1 . So it must be shown 
that the canonical map of complexes k p : gr p T A — > A p '' is a quasi-isomorphism. This issue 
is treated in §4. 

As with the sheafification of the notion of a Hodge structure in (1.12) above, we must 
sheafify d^ and dn by defining operators d^(U) and do(U), for each open set U C V, 
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which equal those defined above in case U = V. For this was done in [PS, p. 606] and 
for do the definition is similar: for each open set U, set 

(1.18) d N (U) := d w (U -UH SingF) and d D (U) := d w (U) 

where d w (U — U fl SingF) (resp. d w (U)) denotes the weak derivative with respect to 
compact subsets of U — U fl SingF (resp., compact subsets of U). Finally, generalizing 
(1.2) and (1.3), we define complexes of sheaves on V, 

(1.19) (C N ,d N ) := (C nd^c,d N ) 
and 

(1.20) (C D ,d D ) :=(C nd^C,d D ) 

Now the results of Ohsawa cited above are actually local, so that each of these complexes 
of sheaves is isomorphic in the derived category T>^{V) to the middle-perversity intersection 
complex X7ic- Also, each admits the standard filtration T' by holomorphic degree; but 
neither of these filtered complexes of sheaves will easily produce the associated gradeds we 
obtained in Theorem A. Rather, another incarnation of IHc will be used, one which mixes 
the Neumann and Dirichlet boundary conditions as was done in Theorem A. Namely, we 
define 

f do k < n, 

(1-21) d k := , 

[dN k > n 

and then 

(1.22) (C,d) := (£' nd^Cj) 

Similarly we have the corresponding (^-complexes, (£ p ' ,9at), (£ p, ',8d) and 

(1.23) {t p '\B) := (C nB^cJ) 
defined for each p by 



(1.24) B p 



B P D q , P + q < n. 



We can now state the second main theorem of this paper. 

1.25. Theorem B Let V be a complex projective variety of dimension two with at most 
isolated singularities. Then there is 

a. a filtered isomorphism 

in VF^iy) and 

b. for each p > 0, a canonical isomorphism in V^(V) 



k : gr T 
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1.26. Corollary For V as above, the quadruple (ITiz; £' , T'\ (3) is a Z-cohomological Hodge 
complex, isomorphic to the Hain-Zucker Z-cohomological Hodge complex (IT~tz; A, T'\ a) 
and for each k, the Hodge components of H k (C) are canonically isomorphic to H q (£ p >'), 

p + q = k. In particular, the isomorphism H k (V;A) H k (C'), induced by the canoni- 
cal isomorphism A preserves the respective (p, q)- components of the Hodge structures and 
induces isomorphisms 

H q (V;A p '-) -=> H q (V;£ p '-) 

Proof By uniqueness of THc in V^, there is a commutative diagram of isomorphisms 
in 23* (VI 

1H C — ^ C 

(1.27) =| |a 

IHc — > A 

in T>q. It is immediate from the the hypercohomology spectral sequences of A, T v A , C 
and T l 'C that A induces vertical isomorphisms in a commutative diagram 

H k {V;T p A) > H k (V;A) 

H k (V;J rp C) ► H k (V;C) 

for each p = 0, . . . , n and k = 0, . . . , 2n. By the result of Hain and Zucker, the top 
horizontal is injective, so the bottom one is as well. Finally, the commutativity of (1.27) 
shows that the right vertical isomorphism in the above diagram preserves the underlying 
real structures coming from a and /?, so we are done. 



PURE HODGE STRUCTURE ON L 2 -COHOMOLOGY. 



9 



§2. The pure Hodge structure for varieties with isolated singularities 

Let V be a variety with isolated singularities; to simplify notation, we assume there is 
only one singular point. Fix an embedding of V in P^ and coordinates (zi, ... , Zn) on 
the complement of a hyperplane so that the image of the singular point is the origin. 
Let U = V n C N . Then the restriction to U - {0} of the Fubini-Study metric on F N has 
Kahler form 

(2.1) u :=zd<91og(l + r 2 )/2 

where r 2 = \ z i\ 2 ■ Unless otherwise stated, the pointwise inner product and norm 

(£,7?) and |£| := 
and the (global) L2-inner product and norm 

(£,^):= / (Z,v)dU and ||£|| := ( / (fcfldtf 

JU-{0} \JU-{0} 

of (p, g)-forms £ and ?y on V — {0} will be with respect to the Hermitian inner product 
defined by this metric, where dU denotes its volume form: since V — U has measure zero 
and is supported away from the singular point, these integrals equal their counterparts 
over V. We say £ is Li when ||£|| < oo ; the space of locally Li forms of type (p, q) on any 
subspace W C V is denoted L p ' q (W); similarly, that of /c-forms is denoted L k (W). 

Since dr, viewed as a 1-form on C^, has norm 1 + r 2 with respect to the Fubini-Study 
metric, its restriction to U has norm 

(2.2) \dr\<l + r 2 . 
Hence if we set 

(2.3) w = tan _1 (r), 
then 

(2.4) \du\ < 1 

on U and of course \du\ = \du\ = 2~^\du\. 

For any form a we will denote by e(a) (resp., e*(a)) the operation of exterior (resp., 
interior) multiplication on the left by a; in case a is the Kahler form u, we denote these 
operators as usual by L and A. We will often use the fact that that if is a differential 
form, then 

(2.5) \e(a)(j)\ < \a\ ■ \<f>\ and \e*(a)<j>\ < \a\ ■ \(j)\ 
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On U we may uniquely express any form <fi as : 

, du . , . du . , . du . . du . , 

(2.6) , = ^„ + + e^)* + ^M^a, 

where each <pi is in the kernel of e*(du) and e*{du), and 0, = 0, for i > at any point 
where du vanishes. Then 

(2.7) (</>, <j>) = (0o, 00 ) + (01, 0l) + (02, 02) + (03, 3 )- 

Because the Kahler form is <9-exact on £7, we may express L there as 

L = -i{8, e(dln(l + r 2 )/2)} = e(-idd\n(l + r 2 )/2), 

where {•, •} denotes the anticommutator. More generally, given a smooth function /, we 
have 



(2.8) -i{d, e(df(\n(l + r 2 ))/2)} = -z2r 2 /" (ln(l + r 2 ))e(du)e(du) + /'(ln(l + r 2 ))L. 

We now use this identity to relate certain weighted L2 norms of a form <f> on U — {0} to 
the L 2 norms of <90, ^0, and (f)\V — Ui, with 

(2.9) t/i :={zGF|0<r< i}. 

Because of the form of the identity (2.8), our weight functions will be continuous, piecewise 
smooth functions of £, where 

(2.10) t = ln(l + r 2 ). 

Thus, for small r, t = r 2 + 0(r 4 ); when convenient in subsequent computations, we 
will replace t by r 2 and so introduce the (9(r 2 )-error term. In addition, statements like 
"0/r log(l/r 2 ) is L 2 " and "^/t 5 log(l/t) is L 2 " will be used interchangeably. We will also 
use 

(2.11) dt = 2rdu and so \dt\ = (2*3 +0(t))|du| 
Let D and Z)' denote the operators 

D:=3 + $ D':=d + $ 

2.12. Convention When such operators are used without subscripts D or N indicating 
boundary conditions, we always mean the weak derivatives. 

The basis for our estimates will be variations of the following proposition which is a 
variation of a computation of [DF]. 
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2.13. Proposition Let 4> be form of type (p, q) on V , and let f : (0, oo) — > R be a piece- 
wise smooth ("weight") function with f continuous and vanishing for sufficiently large r. 
Suppose either that 4> is supported away from G V or that f is supported away from 0. 
Then we have 

(n-p- q)(f(t)<f>, <j>) - (i2r 2 f"{i) [e*(8u)e*(du)/\8u\ 2 , e(Bu)e(du)]<f>, 0) 

= -(D<l>,rf'(t)[e(du) + e*(du)]</>) - (D'(f), rf'(t)[e(du) + e*{du)]<f>). 

Proof: The proof is a simple computation involving only integration by parts and 
Kahler identities. Starting from (2.8) above, integrate by parts (/' is supported away from 
oo and either or /' is supported away from 0) to get the second equality below and use 
the Kahler identity id = L] to get the fourth in 

(-i2r 2 f"(t)e(du)e(du)(P + f'(t)L(f>, L<f>) 

= {-i{d,e{df{t)/2)}^L<ft = (-ie(df(t)/2)d<l>,l4) - (ie(0/(f)/2)0,0L0) 
= (-ie(0/(f)/2)00,L0) - (te(0/(f)/2)0, %L\<f>) - (ie(df(t)/2)<j), L-dcj)) 
= (-ie(df(t)/2)B(l>,L(j>) - (ie(0/(*)/2)0,i00) - (ie(df(t)/2)<j), Ltfcf)). 

We reorganize this as 

(2.14) (f'(t)L</>, L4>) = (-ie(df(t)/2)dcf>, L4>) - (ie(0/(t)/2)0, L$4>) 

- (e(<9/(£)/2)0, dcf)) + (i2r 2 f"(t)e(3u)e(du)<i), L<f>). 

Similarly, applying the identity (2.8) to A0, taking inner product with cf>, and using the 
Kahler identity — $ = [A, 8] , we have 

(f'(t)LA<fi, cj)) 

= -(ie(df(t)/2)A<f>,-&<f>) - (ie(df(t)/2)dA<f>, (p) + {i2r 2 f" (t)e(8u)e{du)A(j), <P) 
= (-ie(df(t)/2)A<f>M) ~ (ie(df(t)/2)Ad<f>,<f>) 

+ (e(df(t)/2)$<j), <P) + (i2r 2 f"(t)e(8u)e(du)A<j), <j>). 

Subtracting this equality from (2.14) and using the equality df(t)/2 = rf'(t)du gives 
(/'(t)[A,L]0,0) 

= (irf'it) [e{du),A]8(j>, 4>) + (trf'(t)8[e(du), A]<j>, 4>) 
- (rf(t)e(du)^(j>, <p) - (rf'(t)e(du)(j>, d<p) 

+ (i2r 2 f"((t)[A 1 e(8u)e(du)}ct>, ( f>). 



Then using the Kahler identity [A, L]4> = (n — p — q)4> completes the proof. 

We use this proposition to bound weighted Li norms of by certain weighted norms of 
Dcj) and D'<j>. 
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(2.15). Corollary With notation and assumptions as in Proposition, and for any function 
F : (0, oo) — > R, we have 

(n-p- q)(f'(t)<P, <j>) + (\du\ 2 r 2 f"(t)<p , <Po) ~ (\du\ 2 r 2 f"(t)<f> 3 , 3 ) 

< (\\F(t)Dcf>\\ + \\F(t)D'cf>\\) ■ \\2-^\du\{rf'{t)/F{tm\. 

Proof Multiply and divide by F in the first and second terms on the right in (2.13) 
and use Cauchy-Schwarz. 

For the applications we have in mind, we will need to relax the support hypothesis on 
<p or /' in this Proposition. To do this we choose a sequence {<pj} of compactly supported 
forms converging to <fi in the L 2 norm; or else a sequence {/j} of compactly supported 
functions converging to /'. Then we let j — > oo in (2.15) or in estimates derived from it. 
In practice, we always choose the approximating sequences in the same way: 

(f>j := Hj(t)<fi or else f- = (JLj(t)f 

where \ij is a smooth function (0, 1) — > [0, 1] having the properties (see [PS, 3.5]) 

1, t > e~ e3 



(2.16) N (t) = 

and 



0, t < e" eJ+1 



(2.17) U(t)\ < 2Xm 



^iog(iA)' 



-e fe l 



where Xi(k) is the characteristic function of the interval I(k) = [e~ e , e" 

For instance, assume and d(f> are L 2 . Clearly, converges to in L 2 . To show that 
dfij(j) — > d<p as well, we need to control d\ij A (p. For this, and to widen the applicability 
of estimates like (2.15) to include non-compactly supported forms, the following obvious 
lemma will be used. 

2.18. Lemma Let £ be an m-form on U — {0}, m > 0, and suppose that £/rlog(l/r 2 ) e 
L m (Ui). Then 

as j — > oo. In particular, if £ E dom d^ , then £ G dom dp. 

Proof By (2.4) and (2.11) \dt\ < Kt* on Ui for some K > 0, so 

\\d H (t) A £|| = ||f* log(l/t)d N (t) A (e/** log(V*))ll < *K\\XiU)Z/t* log(l/*)|| 2 - 

by the Lebesgue dominated convergence theorem. The second assertion is an immediate 
consequence of this. 

2.19 Remark Identical results hold where d is replaced by <9, D, etc. Thus for such £ 
boundary conditions are irrelevant and we may drop the subscript B indicating a boundary 
condition from dsC- Moreover, standard consequences of the Kahler condition, which hold 
for forms compactly supported in V — 0, are valid for such £. For instance: 
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2.20. Proposition Lett; be an m- form on V — {0} such that^/r log(l/r 2 ) G L m (Ui) and 
Di is L 2 . Then D'£ is L 2 and \\D£\\ = \\D'£\\. 

2.21. Proposition Let <fi G L p ' q (V) where n — p — q > 1. Assume that D<j> and D'4> are 
L 2 . Then c/>/r log(l/r 2 ) G L™{Ui). 

Proof: Let k G R and in (2.19) take F(t) = 1; and for t < \ 

f'(t) = H (t)\og k (l/t) 

where \ij is the cut-off function recalled in (2.16) and /' is extended to a smooth bounded 
function for t > \. Then we obtain, for some positive constants C and K, the inequality 

(2.22) 

( X i(*)/^)log fc (l^ 

-([r 2 ^(t)log k (l/t)-k Xh (t) H (t) \og k -\l/t)]\du\ 2 ^fo) 

< C\\r Xh (t) H (t) log fc (l /t)4\\ + K\\(l - xi (t))4\\ 

where xi(t) denotes the characteristic function of Ui. The right side is bounded in j 
(non-uniformly in k). Assume that xi(£)log^ fe ^ 2 (l/t)0 G L^ q (Ui) for some k. Then 
as j — > oo the integrals (r 2 // (£) log (l/£)0j,0j), i = 0, 3, tend to zero by dominated 
convergence. Hence the integrals (%i (t)(ij(t) log fc (l/t)(/>, 0) are bounded as j — > oo, so 
%i (t) log fc,/2 (l/t)</> is L2. Hence, beginning with negative k, we conclude by induction that 
Xi (t) log k (I /t)(p is L 2 for all k. 

Return to (2.15) and this time take for t < ^ 

f'(t) = N (t)\og k (l/t), F(t) = r\og^(l/t) 

and extend them in a bounded fashion for t > -|, and so that F is nowhere zero. Now 

using x± (t) log fc (l/t)0 G L^ ,q (Ui), we argue as above that we may discard the integrals 

(r 2 ii'-{t) log fc (l /£)</>;, 4>i) and that we may replace by 1. Then applying Cauchy- 

Schwarz to the first term on the right side and discarding a positive term on the left, we 
get, for any e > 0, 

(2.23) (xi (f) log fc (lA)0, 0) - fc X i (*) log^^l/t)^, <h) 

< ^(Ikxi (f) log^ 1 (1AWH 2 + Ikxi (f) iog^ (1/fWf) + 1 ||xi (f) log^ 1 (1 /t)<p\\ 2 

+ K(\\(l - xi (t))J>\\ + ||(1 - xi (f)WII + ll(i - Wll) 
We need the following simple telescoping series calculation: 

^.^4j 1+^ (jfe+i)! -2_^ (fc + 1) , fc , + + j 

= A log fc (l/t) _ Hog^l/t) 
fcfCfc + l)! (fc+1)! ^ 
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Now the left side of (2.23) is no larger if O is replaced by 4> in the second term; then 
dividing both sides by (k + 1)!, summing over all k > 1 gives, according to (2.23), 

- (xi(t)cPA) + (7^77^(7 - i - log(VW,# 

2 log (l/t) t 

< ^-y^t - 1 -iog(i/f))x*(fw,^) + ^^(^ - 1 -iog(iA)) X i(t)^>,^) 

2 log (l/t) t 

for some positive .fT'. Now take e small and reorganize to get 
(2.25) (l-e/2)\\( Xl2 (t)/thog(l/t)W 

So (l/rlog(l/£))0 G L"' 9 (Ui). 

2.26 Remark We will use again below the device of summing estimates like (2.23) but 
will leave computations like (2.23) to the reader. 

When one considers forms of degree k with n — k > 2, difficulties with boundary condi- 
tions largely disappear as we will show with the following proposition. 

2.27. Proposition Let 4> £ L p ' q (V) where n — p — q > 2. Assume that Dcj) is Li- Then 
4>/r is L2, and D'cj) is L2. Similarly, if G L k (V) where n — k > 2 and (d + 5)<fi is L2, 
then 4>/r is Li- 

Proof: We prove the first assertion. The proof of the second is identical. The idea of 
the proof is to use the Kahler identities so that we can bound D'cj) and thus reduce to the 
preceding corollary. This of course requires integration by parts. The difficulties arise in 
justifying this integration. 

Reflecting our less restrictive hypotheses on the exterior derivatives of <f>, we recast our 
basic estimate (2.15) by applying Cauchy-Schwarz only to the first term on the right side 
of (2.13): for any compactly supprted form if), we get 

(2.28) (n-p-q)(f , iP,iP) + (r 2 \du\ 2 f''ip ,iPo)-(r 2 \du\ 2 f , 'ip s ,ip 3 ) 

< \\FD^\\\\rf'\du\^/F\\ - {FD'^,rf'[e{du) + e*{du)\^/F). 

where, to shorten notation, we write F for F(t), f for /'(£), etc. Now estimate the last 
term by 

(2.29) - (FD'tp, rf'[e(du) + e*(du)]ip/F) 

= -(D'FiJj,rf'[e(du) + e*(du)]iJj/F)+ 
(2rF'[e(du) - e*(du)]ip, rf[e{du) + e* (du)]ip / F) 
< \\D'FiP\\\\\du\rf'ip/F\\ + (r\du\ 2 F'ip ,rf'ip /F) + {r\du\ 2 F' ^ r/tyi/F) 

- {r\du\ 2 F'^rf^ 2 /F) - {r\du\ 2 F'^ rf'fo/F). 
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Using the fact that ||DF^|| = (since the metric is Kahler and tp is compactly 

supported) and some elementary manipulations gives 

(2.30) - (FD'%l),rf'/F(e(du) + e*(du))ip) < 

(\\FDiJj\\ + \\2rF'\du\ip\\)\\\du\rf'ip/F\\ + {r\du\ 2 F'^ , rffo/F) + {^du^F'^rf'^/F) 

- {r\du\ 2 F'^rf'^ 2 /F) - {r\du\ 2 F'^rf'^/F). 

Let us now make the simplifying and useful choice 

f = F 2 /r 2 , 

Inserting this into our earlier inequality (2.28) and using (2.30) and (2.10) we get 

([(n-p-Q-|^| 2 (r 2 + l))FVr 2 + |rfw| 2 FF> >o) + ([(^-p-?)F 2 /^ 2 -|^| 2 FF / ]V' 1 > 1 ) 
+ ([(n-p-Q)F 2 /r 2 + |^| 2 FF> 2 ,^ 2 ) + ([(n-p-Q+|^| 2 (r 2 + l))F 2 /r 2 -|^| 2 FF / ]V'3>3) 

< (2*||F£ty|| + \\rF'iP\\){\\FiP/r\\ 

1 k 

Set now for t < §, F(t) = F k (t) = f* log*(l/t), and extend in a bounded fashion for 

k 

t > 2, with Fk(t)/ log^ (2) uniformly bounded as k — > oo. 

Plugging this in and using t = r 2 + 0(r 4 ), gives for some positive constants C and K, 

(2.31) ([(n - V ~ Q ~ \ ~ Cr 2 ) \og\l/t) - k log^ (l/f)/2] X i (*)V>, VO 

< (2*||F fc Ity|| + ||rF^||)||F^/r|| + K||(l - xjWII- 
Applying Cauchy-Schwarz to two terms on the right gives 

(2.32) ([(n — p — q — 1 — Cr 2 — 1/2M) log fc (l/t) - k 2 log fc - 2 (lA)/4] X i (tty, 

<M||F fcJ D^|| 2 + K||(l- X i)^||. 

For M large, this is the estimate we need to prove the proposition. We may apply it 
inductively as follows. 

k 

Suppose that log^ - (l/t)0 G L 2 for some k. Then ||Ffc£)^_j0|| — > (see the proof 

of Lemma (2.18)). Take ip = in (2.32); then the right side is bounded as j — > oo and 

k 

therefore so too is the left. From this we deduce log ¥ (l/t)<p G Li2(Ui), and by induction 
we obtain the result for all k. We may now divide (2.32) by k\, sum over k > and, obtain 
for M large, 

|| Xi 0/f * II 2 < 2M||^|| 2 + 4K||(1 - X i )^|| 2 + C\\rt-hi<P\\ 2 + ^ || log"' (l/t)x^|| 2 - 

In particular, 0/r G L2(Ui). 
Finally, by (2.20) L>> is ^2- 
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2.33. Corollary Let </> G L p > q (V) where n-p - q > 2. Assume that D<j> = 0. Then 
(j)/r n -P-nog(l/r 2 ) G L 2 (Ui). 

Proof: We know <f>/r G L 2 (Ui), so D'<j> = by (2.20); and || log fe (l/t)^-0|| -> 

|| log fc (l/t)</>|| for any real k. Further Dfijcj) and D'(ij(/) both tend to zero in L 2 (see 
(2.18)), so we can take the limit over j of the estimates (2.29) where ip = /j,j(f) to get 

[n-p-q)U'it)<l>A) + (r 2 \du\ 2 f"(t)<PoAo) ~ (r 2 \du\ 2 f" \t)c/> 3 , <f> 3 ) < 0. 
As in the Proposition (see (2.31)), we obtain for some C and K the estimate 

([(n-p-q- Cr 2 ) \og k (l/t) -fclogflM^XiWW) < K\\(l - X i (t))F k (t)<pf ■ 

Now, instead of multiplying by l/k\, we multiply by A k /(k + l)\, A to be determined. This 
gives 

([(„ - p - q - Cr 2 ) \og(l/t A ) k /(k + 1)1- Ak\og{l/t A ) k - l /{k + l)!] X i(*)0, <t>) 

<K\\(l- Xh (t))F k (t)d>fA k /kl 

Summing over k > — 1 gives 

(n-p-q - A)\\xi (t)4>/t A ' 2 log 1/2 (l/t) || 2 + A|| X i (t)</>/t A / 2 log(l/f ) || 2 

< C||r X i W^ /2 log 1/2 (l A) || 2 + 2^iir||(l - x i (t))^|| 2 . 

This inequality implies <^>/r A log(l/r 2 ) G L2 if n — p — q > A. 

Now let A w denote the weak Laplacian with respect to smooth compactly supported 
forms: A w <p = ip if and only if 

(0,At) = (V>,t) 

for all smooth compactly supported r; if A M = 0, then is called weakly harmonic. Here 
is a useful identity [Ag]. 

2.34. Lemma If g : V — > R is a smoooth function supported away from and 0, A w (f> G 

\\Dg<l>\\ 2 =\\[D,g]<f>\\ 2 + (A w </>,g 2 </>) 

Proof Since g is supported away from 0, we use integration by parts and the identity 

dg(j> = gD(p + [D, g\4> to get 

(A w cf>,g 2 cf>) = (D 2 4>, g 2 4>) = (D^Dg 2 <\>) = {gD<j>,gDcj>) + 2(gD(/>, [D,g]cf>) 

and 

\\Dg(/>\\ 2 = \\[D,g]<p\\ 2 + 2({D,g} ( j ) ,gD ( j ) ) + \\gD<p\\ 2 
which together give the result. 
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2.35. Lemma Let <fi e L^ q (V) be weakly harmonic where p + q < n — 2. TTien log fc (l/t)</> G 
L-2(Ui) for all real k. 

Proof Suppose we can show that for each k the following expression is bounded: 

(2.36) (pHog^-^l/^l^p-^log^-^lA)!^! 2 ]^!^)^^- 

(|^| 2 A;log fe - 1 (l/t)xi(t)0o,0o) + (|^| 2 A;log fe - 1 (lA)xiW03,03). 

Then by induction on k we conclude that X±(t) log fc (l/t)^> is L<i for all /c as claimed. 

We begin the proof of boundedness by making special choices of /' and F in Corollary 
2.15. For any T such that < T < ±, we set 

f log fc (l/t), - > t > T 
/'(f) := f T (t) = ' h 2 - - 

[ log fc (l/T), t < T 

and extend in a bounded fashion for t > ^, with Fk(t)/ log ¥ (2) uniformly bounded as 
/c — > oo as we did in the proof of (2.27). Then set 

F 2 (t) :=F 2 (t)=r 2 f T . 

Now using the cut-off fij = Hj(t) above and omitting the t variable as usual to simplify 
notation, we have from (2.15) 

(2.37) (n-p- q){f T Hj4>, Hj(j)) + (\du\ 2 r 2 f^fo, Hjfo) - (\du\ 2 r 2 f^fa, Pjfa) 

< (\\F T D H cf>\\ + \\F T D' N <p\\) • ||(2- 1 /2|^|( r/ ^/ FT ) / ,.0|| 

Now take g = Fxfij in (2.34) above. Since A w (j) = and [D, -FV^j] = Ft[D, (J,j] + [D, Ft]^, 
we have 

\\F T D H <f>\\ < \\DF TN <p\\ + \\[D,F T ]^\\ = WfoFruM + \\[D, F T ] N <P\\ 

< \\F T [D, H ]cf>\\ + 2\\[D,F T } f , j cf>\\ = \\F T [D, N ]4>\\ +2\\[D,F T ] H 4>\\ 

Plugging this and its D' analogue into (2.37) and using Cauchy-Schwarz, [D, Ft] = 
2rF T [e(du) +e*(Bu)} and \du\ = 2~ 1 / 2 \du\, we get 

(n - p - q)(f T /J,j(f), nj(j>) + (|rf-u| 2 r 2 /^j^o,^>o) - (\du\ 2 r 2 frUofo, Vjfo) 
< \\\du\2rF TN <p\\ 2 + \\(\du\rf T (t)/F T ) N <j>\\ 2 + \\F T [D, N ]<P\\ • || (2- 1 / 2 \du\rf T (t)/F T ) H cf>\\ 
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Now the part of the integral over V — Ui in the first term on the left side of this inequality 
is positive, so it can be discarded. So with obvious notation we have, for some positive C 
and K 

(n-p-q) (xi | log fc^/ T ^ J NX\<t>) -{\du\ r X i< Q j ^o, ^0o) 

< (xi <; , fc/< _ i> ^0,^-0) + (xi <; log * (1/T) I 



log ft (l/T) 



+ 11^1,0, A*i]^||-||2- 1 / 2 |d«|(r/^/ J F T )A* J -0||+C||(rxi log* (l/O^-^lp+lirlKl-xi (*)) log* (2)^||, 

where the term containing C arises from the relation t = r 2 + 0(r 2 ). The terms of the 
integrals on the left and right which involve log fc (l/T) and log fc (l/t), except for the term 
containing C, are nonnegative when moved to the left side (n — p — q > 2), so may be 
discarded. We rewrite the inequality as 



([2felog fc - 1 (l/t)|d«| 2 -A; 2 log fc - 2 (l/t)|d U | 2 ]x [ T^]^0,^0) 

- (|dM| 2 /clog fe_1 (l/t)x[T,i]^0o,^0o) + ({dufklog^il/tyxiT^VjfoiPjfa) 
< ||^[^,^0^l|-|l(2- 1 / 2 |^|(r/^/^) / u^||+C'||(r Xi log*(lA)^^|| 2 +i^||(l- Xi (t))log*(2)^|| 

Obviously the second term on the right is bounded uniformly in j. We claim that the 
first term on the right vanishes as j — > oo. Once this latter point is verified, we will take 
the limit of both sides of this last inequality as j — > oo and then the limit as T — > oo to 
get the estimate 



(2.38) {[2k log*" 1 (1/t) \du\ 2 - k 2 log fc - 2 (l/t) \du\ 2 ] X i {t)(f>, (f>) 

(|^| 2 / c log fe - 1 (l/t) X i(t)0o,0o) + (|^| 2 A;log fe - 1 (lA)xiW03,03) 

< C\\(r X , log*(lA)^|| 2 + K\\{1 - X i{t)) log* (2)0|| 

which proves the boundedness of (2.36). 

It remains to show that for fixed T > the term 

\\F T [D,^\\ ■ p-^lduKrf^/Fr)^ 

tends to zero as j tends to infinity. First note that for t < T, rf^(t)/ Frit) = log ¥ ( 1/T); 
hence \\(r /^(t) / F T ) /J,j(j>\\ is uniformly bounded as j — > oo. Again for t <T, the pointwise 
norm squared 

tlog (t) 
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which is bounded and tends pointwise to zero as j ' — > oo. This completes the proof. 

Let Ad D denote the "strong" Dirichlet Laplacian in the usual sense of functional analysis: 
A-d D 4> = V' if an d only if cf> G dom do H dom 5n, do(j> G dom Sn, o~n4> e dom do and 

5Ndn4> + do^N^ = i>- 

(Note that 5at is the Hilbert space adjoint of dp.) The kernel of A do in degree k is 
denoted T~i k D and its elements are called strongly dr>-harmonic. Analogous definitions 
can be made for Aq d and and also for Neumann boundary conditions. It follows 
from Stokes' theorem in the usual way that a form <p is strongly (ip-harmonic if and only if 
do4> = = 5n4>; again there is an analogous statement for the other Laplacians. Evidently, 
if 4> is strongly harmonic in any sense, it is weakly harmonic. Outside the middle three 
degrees the converse holds: 

2.39. Theorem Suppose is a weakly harmonic (p, q)-form such that n—p — q > 2. Then 
4> is strongly harmonic in any of the above senses, and hence 

4>/r n ~ p ~ q \og(l/r 2 ) G L 2 - 
Proof: Divide both sides of the estimate (2.38) by (k + 2)! and expand to obtain 
([((„ -p-q)- 2\du\ 2 ) log k (l/t)/(k + 2)1 + 2 \og k -\l/t)/{k + l)\\du\ 2 
- 41og fc - 1 (l/t)/(A; + 2)\\du\ 2 - \og k ~ 2 (l /t)/k\\du\ 2 
+ 31og fc - 2 (l/t)/(A; + l)\\du\ 2 - 81og fc - 2 (l/t)/(A; + 2)!|^| 2 ] X i (t)<j>, (p) 
-(|^| 2 [(log fe - 1 (l/t)/(/ C +l)!-21og fc - 1 (lA)/(/ C + 2)!] X i(t)0o,0o) 
+ {\du\ 2 [\og k -\l/t)/{k + 1)! - 2 log fc - 1 (lA)/(fc + 2)!] X i (f)&, 3 ) 

< C\\r Xh log^(l/t)0|| 2 /(/c + 2)! + iq(l - X i (f)) log^(2)0||/(/c + 2)! 
Sum over k > — 2 to obtain 

{{n-p-q - \du\ 2 ) / 1 log 2 (1/t) - \du\ 2 /t log 3 (l/t) - 8\du\ 2 /t log 4 (l/t)]</>, \ 1 0) 
+ (|du| 2 [(-l/tlog 2 (l/t) + 2/tlog 3 (lA)]0 o , X i0o) 

+ (|^| 2 [lAlog 2 (lA) - 2/tlog 3 (lA)]0 3 ,Xl03) 

< C||rH log-^l/Oxi^H 2 + 21og- 2 (2)K||(l - xi W)0|| + ||2"» log" 2 <^|| 2 

^ From this inequality, we deduce that 0j/r log(l/r 2 ) G L 2 for z > 0, and (j) /r log 3 ^ 2 (l/r 2 ) G 
L 2 . If n — p — q > 2, we get <f>/r log(l/r 2 ) G L 2 ; to get this for n — p — q = 2, we must 
argue more carefully. To begin, we choose for t < \ 

F(t) = log*(l/t), 

extend in a bounded fashion for larger t and get from (2.34) the inequality 

\\ H FDcf>\\<2\\[D^ j F} ( f>\\. 

If we assume that t~^ log^ _1 (l/t)</> is L 2 , then [D, HjF]<j) is L 2 and, as j — > oo, converges 
in L 2 to [£), -F]0. Hence taking the limit, we obtain the following lemma. 
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2.40. Lemma J/t" log~(l/t)0 is L 2 on C/i, t/ien so is log 2 (l/t)D(f). 
Now return to our basic estimate in Proposition (2.15) and take for t < \ 

f'(t)=t- 1 log k (l/t) and F(f) = log*(l/f) 

so that 

r 2 f(t) = -t- 1 log fc (lA) - t- 1 k]og*- 1 (l/t) + 0(r 2 ) log fc (lA) 

there; and extend both /' and F in a bounded fashion as usual for t > \. Using n—p—q > 2 
and discarding some positive terms from the left side, we get, for some positive constants 
C and K 



||*-* log 2 (l/£)/^0xi|| - log— (l/t^oXill 

< (|| X i log*(l/t)L>^0|| + log* {l/t)D' N <j>\\) ■ ||x i (log*(l/f)/r)/i i 0|| + 
+ C||r log* (l/t)^xi II +^(||(1 - Xi(*))0ll + 11(1 " XiWWII + 11(1 " X*(*)WII) 



Now if we assume that log 2 (1 /t)D<j) is L 2 , then we may use (2.34) as we did above to 
bring the cut-off \ij past D and D' on the right side and get 



II*— log* (i/t)^0xilr - i|to~iog— (i/t)^0oxilr 

< (llxi log* (1/^,0011 + llxi log*(l/^D'0|| + £) ■ ||xi(log*(l/t)/r)^0|| 
+ C||r log* (l/O^Xill +^(11(1 "XiCWII + 11(1 -Xi WWII + ||(1 -Xi W)^' 



for some constant I. Let us now assume in addition that xi^ 2 log 2 (Vw is -^2 and 



' 2 

1 



divide both sides by || (log 2 (1/t) /r)/j,j4>\\. Remembering that ~ r, we see that the right 
side is then bounded as j — > oo, so the left is as well. Hence we obtain 

k 1 fc — 1 ^ fc 

2.41. Lemma If log 2 (l/t)D(f) and t~ 2 log^ - (l/t)^> are L 2 onUi, so is t~ 2 log^ (l/t)(/>. 

Now induction on the hypothesis of this last lemma, beginning with /c = —2, together 
with (2.40) and (2.41), proves that log fc (l/t)^ and xi \og k {l/t)D(j) are L 2 for all fc. 

In particular, Dcj) is L 2 , so D'cj) is as well by (2.20). 

To prove that 4> is strongly drj-harmonic, observe first that cj> G dom do H dom o"d by 
(2.18). Hence 

||#|| 2 + ||o</>|| 2 = lim (#, + (50, o>,-0) 

= (A(j>,Hj(j>) = 0. 

That is strongly harmonic in the other senses is proved similarly; this and Proposition 
(2.33) complete the proof of (2.39). 
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2.42. Corollary For \n — k\ > 2 or \n — p — q\ > 2, 

n k w (v) = n k B (v) and h™(v) = h™(v) 

for all boundary conditions B. 

Proof As remarked before the statement of the theorem, it is easy to see the inclusions 
D; and for (p, g)-forms with n — p — q > 0, the opposite inclusion is part of the Theorem. 
If n — p — q < —2, the result follows from this and [PS, 1.3]. The (p, (/)-components of a 
weakly harmonic /c-form are weakly B- and enharmonic, so we are done. 

The preceding estimates are not quite strong enough to carry over to p + q = n — 1, 
where one can obtain estimates in the complete case. We need to introduce a variational 
argument to handle p + q = n — 1. 

2.43. Theorem Let 4> G kerrfj) and suppose degcj) = n — 1. Then the do-harmonic 
representative h of 4> satisfies 

S D h = d c D h = 5 D h = 0, 

and h/(r log(l/r 2 )) e L 2 . 

Proof. There is a sequence (pj G A™~ l {V) such that (pj 
in L n (V). Let 

Q : L n -\V) x L n_1 (y) -> C 

be the unbounded, densely defined Hermitian form 

Q(a, /3) = (5a, 5/3) + (d c a, d c /3) + (5 c a, 5 c f3). 

Let q(a) = Q(a, a) denote the corresponding quadratic form. Then q is nonnegative and 
4>j G dom q since it is compactly supported; so we can define 

rrij = mf{q((f)j + dr>(3)\(3 G dom dp} 

We now show by a standard argument that this infimum is realized. 

2.44. Lemma There is (3j G dom do such that q(4>j + do(3j) = nij 

Proof. For the proof, let us drop the subscript j's on ^and rrij. Let S denote the 
Hilbert space closure of cL4™ _2 (V) with respect to the norm induced by Q. The finite 
dimensionality of the L 2 cohomology (and the closed graph theorem) imply this norm 
dominates a multiple of the L 2 norm. Moreover, by the ellipticity of d + S, the norm is 
equivalent on compact subsets to the Sobolev norm of forms with one L 2 derivative. 

Choose a minimizing sequence db{ G S with q(cj) + d^bi) I m. Because this is bounded 
in S, we may extract a weakly convergent subsequence, which we also label dbi, converging 
to some limit Z, which is clearly in the range of do, 



<j> in L n -\V) and e% -> 



Z — do/3j, 
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for some (3j. Then 

m = lim q(cj) + dbi) = q(<p) + 2Re lim Q(4>, dbi) + lim q(dbi) 

= q(<f>) + 2ReQ(0, Z) + lim q(db t ). 

i — >oo 

Recalling that for weak limits, lim^oo q(<p + dbi) > q(<P + gives q(<p + Z) < m. By 
hypothesis, we also have q(c/) + Z) > m and hence q(<p + Z) = m. The infimum is achieved. 
Let us now denote a minimizing form constructed above 

ipj := <j)j + d D Pj. 

By construction, 

dipj = d(j)j and ipj G dom d c N fl dom 5%. 

2 Ah. Lemma Sifjj = 0, and ipj G dom d° D fl dom 6 ' C D . 

Proof. We apply the usual variational argument: by the minimality of q(ifjj), we have 
for smooth compactly supported w, 

= +tdw)\ t=0 = 

{8ipj, 5dw) + (d c i(jj,d c dw) + (5 c t(jj, 5 c dw). 

Integrating by parts and using the Kahler identities gives Adtfjj = 0. Thus 8ipj is weakly 
harmonic and of degree n — 2. By (2.39) this implies that it is strongly harmonic and 
therefore perpendicular to the image of 5. Hence Sipj = 0. Now the L 2 boundedness of 
Dipj and D'tpj allows us to use (2.21) to conclude ipj/r log(l/r 2 ) is L 2 . This then implies 
ipj G dom d c D fl dom 8 C D . 

Returning to the proof of the theorem, we have constructed a sequence ipj = <f> + dpflj 
with dipj — > and 8ipj = and ||£)'^-|| < 1 1 j- 1 1 . Hence as j — > oo, ipj converges to 
the harmonic representative h of <p. Moreover, according to (2.25), \\ipj/r log(l/r 2 )|| is 
bounded in terms of H-D^jH, || Z?'^- 1| and \\ipj\\- Hence, the harmonic limit h also satisfies 
h/r log(l/r 2 ) G L 2 . From this we may immediately deduce the claims of the theorem by 
applying the Kahler identities (cf. (2.19) and (2.20)). 

2.46. Corollary Let (p G L n_1 (y) and suppose d D (p = £ G L n (V). Then there is ip G 
L n-1 (y) such that ip/(rlog(l/r 2 )) G L"" 1 ^), d D ip = £ and 8ip = 0. 

Proof Let <pj be a sequence of compactly supported forms so that <pj — > <p and dcpj — > ^; 
construct ipj = <pj + doflj as in the preceding theorem. We can then write for some 
(<iD)-harmonic hj 

ipj = hj + dwOLj. 

Since dpip = do4> ~* £ an d do has closed range, S^at-j converges; hj also converges (it is the 
harmonic component of <pj too), so ipj does. By the preceding theorem, hj/r log(l/r 2 ) G L 2 
and by the proof of the preceding theorem ipj/r log(l/r 2 ) G L 2 . Hence S^aj/r log(l/r 2 ) G 
L 2 . Taking the limit as j — > oo, we obtain the desired result. 

Here is a variation on the previous result in which we must keep track of (p, </)-type in 
reaching a slightly different conclusion. It will be used in §4. 
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2.47. Theorem Let <j> G L p > q and suppose 5d4> = £ e L p ' q+1 . Then if p + q < n, there is 
ip G L p ' q such that ip/{r log(l/r 2 )) G = £ and d D ip G L p+1 ' g . 

Proof The proof is quite similar to that of the previous theorem and will only be 
sketched. By hypothesis there is a sequence <f>j G A p ' q (V — {0}) such that <f>j — > <j> and 
— > Using the Hermitian form 

Q : L p ' q (V) x L p ' q (V) -> C 

where 

Q(a, /3) = 00) + (da, 8(3) + {da, dp) 

as we did above, we get a sequence ipj = <pj + BoPj such that 

Lemma, dipj = 5(f) j, dipj = 0, and ipj G dom 3d H dom do- 

Since flipj = 0, BdPj is the <9o-exact component of <pj in its Hodge decomposition, so 
BoPj converges because <pj does. Hence ipj converges, say ipj — > ip G L p ' 9 (l/). Again using 
(2.25), we get ipj/r log(l/r 2 ) G L 2 and from this 

ll^|| 2 + P^|| 2 = ||^l| 2 

Now dipj is Cauchy, so this shows dipj is as well. Since ipj/r log(l/r 2 ) G L2 (uniformly) 
implies ip/r log(l/r 2 ) G L2, we have ^ G dom do and are done. 

Let 7~t D / N (V) denote the space of harmonic forms on V in degree k with respect to the 
operator 

dp k < n, 



d K 
so that 



djsr k > n 



ker do H ker 5n, k < n, 



(2.48) ^d/jv(^) = S kerrf^v nker5 N , fc 



77, 



ker djv H ker <5d, k > n 



We now verify that the operators L and A act on T~i* D / N (V) := ®k>oH k D i N {V), satisfying 
the standard Kahler identities. In an unfortunate convergence of notation, we let L*(V) := 
® k > L k (V), let n fc : L*(V) -> L*(V) be the projection to L k (V), and let H = ® k >o(n - 
k)Hk : L*(V) — > L*(V). Here L* is not to be confused with the adjoint of L. 

2.49. Theorem The operators L, K, and H preserve H d /n(V) an< ^ sa ^ s fy 

[A, L] = H, [H, L] = -2L, [H, A] = 2A 

In particular, H d /n(V) is an sl2(C) -module and so the Lefschetz decomposition theorem 
holds for L-i-cohomology. 

Proof It is sufficient to verify that the three operators preserve H D / N (V). Since this is 
clear for H and since A is dual to L, it is enough to show (omitting V from the notation 
now) 

r-T/fc f— -t/A;+2 

ljrL D/N i= n D/N 
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For all k, LH k w C H^ +2 ; and U k ^ N C ft£,+ 2 with equality except possibly for fc = n — 3, n — 
2, n-l by (2.42). In these cases, for <p G H k D/N , we have <p/(r log(l/r 2 )) G L k (Ui) by (2.39) 
and (2.43), so that boundary conditions on 4> are irrelevant and <j) G ker d fl ker 5 fl ker <i c fl 
ker 5 C . Since dL0 = Ld(f> = and = L<^-47rd c c/> = and L0/(r log(l/r 2 )) G L fc+2 (F), 
we get doL(p = and SoLcj) = 0, so the proof is complete. 

We are now ready to put a Hodge structure on L 2 -cohomology. Let "H^^iV) denote 
the space of harmonic forms in degree (p, q) on V with respect to the operator 



QV,q 

so that 



d™,p + q>n; 



ker 3d H ker $n , P + q < n, 
n D q /N( V ) = \ ker B n n ker jv, p + g = n 
ker <9/v H ker , p + g > n 

2.50. Theorem Let V be a complex projective variety of dimension n with at most isolated 
singularities. Then 

L{n p ^ /N {v))QH^ + \v) 

and for each k = . . . 2n, we have the equality of subspaces of L k (V) 

where the summands on the right side are the (p,q)- components of the left side. 

Proof The first assertion is proved in the same way as the last theorem. The Kahler 
identities imply that 

H k w {V)=® p+q=n H™{V) 

so for \n — k\ > 2, the Theorem follows from Cor. (2.42). If G 'H r ^j N , then Theorem 
(2.43) and (2.19), (2.20) say we have 

\\m 2 +\m 2 = \m 2 +\\m 2 

which verifies the theorem in this case; the equality in case k = n — 1 follows from this and 
duality ([PS, 1.3]. In the remaining case, 

Hp /N = ker L © im L 

by the Lefschetz decomposition and (p £ ^d/n ^ anc ^ on ^ ^ = = 5n4>- If <j> = Lip, 
where V e then V = E^ p ' 9 , where ^ G H™ /N {V), so we are done by the first 

assertion of the Theorem. In case Lcj) = 0, A<j> = as well, and so we may use the Kahler 
identities 

[L, 6} = 47vd c [A, d] = -4ttS c 
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to conclude from dcj) = Scj> = that d c cp = d~ c 4> = 0. (Subscript iV's are intended on the 
operators here.) This implies that dcj) = dcj) = d<j> = $0 = so that if cp = J2 ( P p ' q : then 
cp p ' q E Ti- P ^ q / N - This completes the proof. 

Finally, we can conclude in the usual way ([Hi, §15.8]) that our Hodge structure (2.49), 
with its Lefschetz decomposition (2.50) is polarized, in the following (standard) sense, by 
the inner product (£,?y). 

2.51. Definition Let A be a subring ofM. such that A®Q is a field. A polarized A-Hodge 
structure of weight k is a Hodge structure (Pa', Pc, F '; i), together with a symmetric bilinear 
form Q : Pa x Pa — > A, such that 

Q(F p ,F k - p+1 ) = 0, for dip 

and 

i p ~ q Q(v, v) < 0, for all v G P p ' 9 
where P p,q := F p fl F k ~ p . We say the Hodge structure (Pa', Pc, F';i) is polarized by Q. 
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§3 Hsiang-Pati Coordinates and the Nash bundle 

Let U be a small neighborhood of an isolated singular point v on a complex algebraic 
surface V and as usual let g denote the Kahler metric onU—v inherited from an imbedding 

of (U,v) C (C N ,0). Let 

(3.1) tt:(U,E)^(U,v) 
be a resolution of the singularity v of U. Then 

(3.2) 7 := 7r*g 

is a Kahler metric on U — E. Hsiang and Pati showed ([HP]) that when n is a sufhcently 
fine resolution, then, up to quasi-isometry, 7 assumes near E a normal form in appropriate 
coordinates. 

(3.3) Specifically, they showed that n : (U, E) — > (U, v) can be chosen so that E = UEi is 
a divisor with normal crossings and has the following properties: 

a. For each point e 6 £, there is a neighborhood W of e in f7 and linear functions 
fc, / : -> C such that 

7 ~ cZ0<i0 + dtfjdtfj 

on W, where <p = 1 ore and ip = k on. 

This means that the linear projection (/, fc) : — > C 2 is such that (I, k) o tt\W 
pulls back the Euclidean metric on C 2 to one on W which is quasi-isometric to 7. 

b. (Local description oftfi) 4> locally defines the scheme-theoretic inverse image 7r _1 (m„) 
of v (where m v is the maximal ideal of v). This means that if w±, W2, • • • , are 
coordinates on C^, then the restriction of the ideal (wiott, • • • , w^orr) := 7r _1 (m„) 
in Ojj to Ow is principal and is generated by <fi. Hence, 7r _1 (m„) may be identified 
with its divisor Z =: ^ rriiEi and there are coordinates u,v on W such that if 
e G Ei fl Ej, then Ei = {u = 0}, Ej = {v = 0} and (p/u^v 171 ^ is non- vanishing 
holomorphic in W; and if e G is a simple point of -B, then Ei = {u = 0} and 
(f)/u mi is non- vanishing holomorphic in W. 

c. (Local description of ifj) There are integers rii > mi such that n^mj — njirii 7^ if 
Ei fl Ej 7^ and tp is the sum of two holomorphic functions ip = f((p) + ip', where 
f = Yl Uj zej is a series where the ej are rationals > 1 and ip' defines a divisor 
N := J^HiEi in W; in fact, with the same coordinates u,v as in b), tp' /u ni v nj is 
non- vanishing holomorphic in W if e G -E^ fl and if e G .E^ = {u = 0} is a simple 
point of E, then ip' ju ni v is non-vanishing holomorphic in W. Moreover, (ni,rij) 
(resp. Hi) is minimal with this property: if for some linear function h : — > C, 
h o 7T := r\ = g{4>) + rj' with g a series in rational powers > 1 and n' /u Pi v Pj non- 
vanishing holomorphic in W (resp., ip'/u Pi v is non- vanishing holomorphic in W), 
where pi > rrii, pj > rrij and Piirij — Pjirii 7^ (resp., pi > rrii), then pi > Hi and 
Pj > rij (resp., pj > rii). 

d. On the above neighborhood W of e <E Ei (~) Ej let Ci = u mi v mj and (2 = u Hi v n i; 
or if e G is a simple point of .E 1 , let £1 = w mi and (2 = Then in W 



7 ~ rfCi^Ci + d( 2 d(2 
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So we have 

dcfxlcj) + difidifj ~ 7 ~ d(id(i + d&d^ 

(3.4) Remarks 

a. Property (3.3d) is an easy consequence of the others (see [HP, p. 401]). In an 
Appendix to this Chapter we will show, using properties of the Nash blow-up, the 
existence of a linear projection (/, k) : C N — > C 2 satifying the first three properties. 

b. It follows from (3.3b) that \<f>\ ~ r o n on W, where r 2 = \wi\ 2 + h |^a^| 2 

c. It is not in general possible to remove g((f>) from the expression for h o n in (3.3c). 

One final point which will prove useful later is that it is possible to choose a linear 
function h which can be taken to be / in (3.3a) outside a finite set of points of E; while 
near each point of this finite set, it can be taken to be k. The proof will also show that 
/ in (3.3a) and (3.3b) is generic among all linear functions — > C. Before stating the 
result, we give an example. 

(3.5) Example: Let V C C s (x,y,z) be the cone {y 2 = xz}. Then blowing up V at its 
singular point (0, 0, 0) produces a resolution tv : V — > V , where V is the total space of the 
line bundle of degree -2 over P 1 , the exceptional divisor E, and n collapses the zero section 
to (0,0,0). Let U be the intersection of a small ball about (0,0,0) G C 3 with V. Then 
U := 7r _1 (t/") is covered by two open sets U\ C C 3 (u,v) and U2 Q C 3 (-u', v') which contain 
the w-axis and w'-axis respectively, and which are glued by 

u = uv 2 

v' = v~ x 

Then the linear function h on U is h(x,y,z) = y, which is uv = u'v' on U. Hence the 
proper transform R C U of h = has two components transversely intersecting E = P 1 at 
and 00. Notice that if / := y + ex is a small perturbation of y = h, then the pair {/, h} 
satifies the conditions of (3.3) in neighborhoods in U of G P 1 and 00 G P ; and that in 
neighborhoods of all other points on P 1 , h itself satifies the conditions of /. 

(3.6) . Proposition: Let n : (U,E) — > (U,v) be a resolution of the singularity v and let 
(U,u ) C (C N ,0). Then there is a linear function h : C N — > C such that 

div(h on) = Z + R 

where R is reduced and meets E transversely at smooth points of E. Moreover, if RC\Ei 7^ 0, 
then mi = ni; and if e G RC\Ei, we may take k = h in (1) above while if e £ RC\Ei, then 
we may choose I = h in (1) above. 

Proof: The idea is as follows; more details can be found in [GS1, Lemma 2.1]. Let 
r : B£(U) — > U denote the proper transform of U in B£(C N ), the blow-up of at 
the origin, and let C C B£(U) be the reduced exceptional set, a curve in the fiber of 
B£(C N ) — > Clover the origin. Then C C P^ -1 and Bertini's Theorem says a generic 
hyperplane meets C transversely in isolated smooth points of C. One gets such generic 
hyperplanes as the intersections of proper transforms B£(H) of generic hyperplanes H in 
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passing through zero with P^ -1 ; so the desired h is a linear function vanishing on such 
an H. Since vc^-Obou) is locally free of rank one on B£(U) (a basic property of blowing up), 
and hor is a global section of it vanishing only along R, we have div(/ior) = div(r*m„) + i?. 
To begin the passage from B£(U) to a resolution U one must first normalize B£(U), which 
requires a more careful, but still generic choice of H. Finally one may complete the 
resolution of U with modifications away from the intersection points of C with B£(H) and 
then div(h o tt) = div(7r*m„) + R = Z + R. 

Since R and E are transverse at such an intersection point e G R H -E 1 , there are local 
equations {t> = 0} of i? and {u = 0} of E so that h = u m v near e. A small perturbation / 
of h has the form / = 5u m , where 8 is holomorphic and nowhere zero near e, since the set 
of h above was generic. Now extracting an m-th root of 5 and replacing u with uS 1 / 171 , we 
have / = u m and h = S~ 1 u m v. If we replace v by 5~ 1 v then we have coordinates {u, v} 
on a neighborhood of e and linear functions k, h : C N — > C such that := I o tt = u m and 
ifj := h o tv = u m v. By (3,3b) and (3.3c) above (in particular, the minimality property in 
(3.3c)), we are done. 

The locus of the vanishing of the determinant of 7 gives a measure of its degeneracy. 
Now on W, 7 ~ dcfxlcf) + di^di^ and the determinant of d(j)d(j) + difjdtfj is l^ui^v — (f>vi>u\ ■ A 
calculation using (2) and (3) above shows that (p u ip v — <j> v ip u locally defines the divisor 

(3.7) D 1 = J^i 771 ^ + n i~ = Z + N — E, 

so we call it the degeneracy divisor of 7. This calculation also shows that the volume form 
of 7 in W is 

(3.8) dU 1 ~ \<j) u ll) v - (f) v ^u\ 2 dU ~ l^^+n.-l^^m.+n.-l)^ 

where dU := du A du A dv A eft; is the volume form in the Euclidean metric ducte + dvdv. 
For any differential forms ui, 0J2 defined a.e. on U, let 

denote as usual the pointwise-defined inner product and 

1/2 



' = \J ^ UJ ' °° >7 ^ 7 

the L 2 -norm of u. Unless otherwise specified, we understand the pseudo-metric 7 on U 
and omit the subscripts in such expressions, unless another metric is intended. 

Let C^ q denote the sheaf of measurable forms on U which have locally finite L2-norm. 
Notice that if r is a differential form on U — v and uj := 7r*r, then 

(3.9) H 9 =IMI 7 

so that the norm of a form on U — v, measured using the metric coming from the imbedding 
(U,u ) C (C N ,0) is the same as the L2-norm of its pullback to U. In particular, we have 
the equality of sheaves for each p, q, 

(3.10) = £ p > q 

where C p,q denotes the sheaf of L2-forms on U. There will be advantages to working in U 
rather than in U; indeed, some situations require it. 
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(3.11) . Definition: The Nash sheaf is defined to be 

Af:= 4 5(2) ®(%(-D 7 ) 

where Q^y ^ is the sheaf of 1-forms which have locally finite I? -norm on U and are holo- 
morphic on U — E. 

If i : U — E U denotes the inclusion, then Af is the subsheaf of i*fl\j_ E defined by 
the local condition: if ui is defined near u G U where div(<i 7 ) = _D 7 , then ui G Af if and 
only if Hfi" 1 !^!! < oo. This implies that actually Af C Q\j\ since 7 degenerates near E with 
respect to any Hermitian (non-degenerate) metric fx, 1 1 cZ ~ 1 1 1 < ||cu|| M for any 1-form u, so 
the Laurent expansion of 10 can have no polar part. For the same reason, dwi G Af for any 
set w±, W2, ■ ■ ■ , w n of coordinates on C^. 

B. Youssin independently noticed part d. of the folowing proposition ([Y]), but for 
arbitrary varieties. In an appendix to this chapter, we will elaborate this point further, in 
particular in relation to (3.3), and give the reason for the name "Nash sheaf. 

(3.12) . Proposition 

a. Af\U - E = Q\j_ E 

b. Af is locally free of rank 2: if W is a neighborhood of e E U as in (3.3a) above, then 
{d(i,d( 2 } from (3.3d) is an Ow-basis of Af*(W); {d(fi,dip} from (3.3a) is likewise 
a basis. 

c. Q^y is a subsheaf of Af(N) . 

d. D^ q = A4.(A. P N ® A q Af <8> 0{D 1 )), where, for any Hermitian bundle B on V and 
B its sheaf of sections, A4(B) denotes its sheaf of measurable sections. 

Proof Part a. is obvious and reduces b. to the case stated there: that A/"|VF is Ow free 
with basis {dCi, d( 2 }- : we also assume W is a neighborhood of a crossing point e G Ei n Ej 
of E, the other case being similar. We may use any of the three quasi-isometric metrics 
in (3.3d) to determine whether a form on W is L 2 with respect to 7, and here we choose 
dQidQx + dQ 2 dQ 2 . Let d 1 = u ( m i+ n i- 1 ) v ( m j+ n j- 1 ) ; a local defining function for D 1 . To 
begin, note that dQ G Af: \\d~ 1 dCi\\ < 00 since (dQ, d(f) = 1 and {d^du A du A dv A dv ~ 
the volume form of d(id(i + dQ 2 dC, 2 . Since d(i A d( 2 vanishes only on E, dQ\ and d( 2 are 
CV-independent. To show they generate, let ui G Af and write 

uj = aid(i + a 2 d( 2 

where ot\ and a 2 are meromorphic. Then since j | 1 1 1 < 00 and d(i and d( 2 are point- 
wise orthonormal, the on are of finite L2-norm in any non-degenerate metric, hence are 
holomorphic. That {d<p, dip} is also a basis is proved in the same way. Part c. as- 
serts that || , u - ( mt-1 ' ) 'i> -( - mj-1 ' ) a;|| < 00 for any holomorphic 1-form uj, which holds because 
||u ni w nj (iCi|| and ||tt ni v n ^(iC2|| are both finite. The proof of d.) is similar to that of b.). 
For the coming comparison between Af and f2jj(logE) : the sheaf of holomorphic 1-forms 

on U with logarithmic singularities along E, it will be useful to have other local meromor- 
phic sections (with poles along E) of with which to express elements of i?^ (log-E) and 
Af*. 
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Let W be a neighborhood of e G Ei fl Ej (resp., of e G E^ away from the crossings of 
E) with coordinates u, v as in (3.3) above. Then we have the logarithmic frame, 

.„ „„. r du dv, , r du , 

3.13 { — , — } resp.{ — , du} 

w i> it 

the standard local basis for ^(logE 1 ). Referring now to the functions Ci and £ 2 in (3.3d), 
we define 



(3-14) C2 W -1 



(2, if e is at a crossing of i? 
C2f _1 , if e is away from a crossing of E 



and then the logarithmic Nash frame is 

(3-15) { — , -7-} 

If we write a meromorphic 1-form u; on W in the logarithmic frame 

(3.16) u = f—+g— ( r esp., /— +5T(iw) 

U V u 

then in the logarithmic Nash frame, 

3.17 w = ^ + ^ J ' resp. J - ^- + ^ 

where d = m\n2 — min\. Since d 7^ (resp., 7^ 0), it follows from this that 

(3.18) Ql (log£?)(W) = {£4^ + A; 2 ^ | fci and A; 2 are holomorphic in 

Cl S2 

so {-^S ^r-} is also a local basis for Q^(\ogE). And since Z = div(Ci) and C2/C1 is 
holomorphic in W, Af(Z) is a subsheaf of ^(log-E 1 ); in fact, 

(3.19) N{Z) = {k 1 < ^- + k 2 ^ j fci and ^-fc 2 are holomorphic in W} 

(3.20) . Proposition: Let Xe denote the ideal sheaf of E. There is an exact sequence of 
sheaves on U 

-> A/"(Z - £) A (log £) A tt? <g> N - Z -> 

(3.21) Remark: Tensoring the exact sequence with C(£' — Z) gives a description of the 
dual sheaf in terms of resolution data: 

-> AT -> (log £) ® e^(£ - Z) -> ft? ® Otv-z(^ - Z) -> 
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Proof: For the proof Q l and O will denote Q 1 ^ and Ojj. The injection a is the tensor 
product of the inclusion M(Z) C Q 1 (\ogE) with 2#. To define /?, recall from Proposition 
(3.6) the holomorphic function h onU such that div(/i) = Z + i?, where is reduced and 
meets i? transversely and away from the crossings. Define 

(3 : X s /2 1 (log E) —> Q 2 ® O(R), ^(w)=wAy 

We first show that oo A ^ G J? 2 <g> £>(#). In a neighborhood W of e G n E i as in (3.3), 
we have h = ku rni v mj (resp., h = ku mi if e G £^ is away from a crossing and away from 
R), where k is a nowhere- vanishing holomorphic function. Change u by mutiplying it by 
the inverse of an m^-th root of k, so that h = u mi v rnj (resp., h = u mi ), for this choice of 
coordinates {u, v} on W. Now let u = k\ ^ + k 2 ^ G Ie^ 1 (log E), so that (uv)' 1 ^ 
and(ww) _1 /c2 are holomorphic (resp., u~ x k\ and-u -1 /^ are holomorphic). Then 

(3(u) = oj A — = (uv) k 2 -j- 

, -1, uvd^Add 
(resp. = u k 2 -j- ) 

which is a holomorphic 2-form in W, since uv is a smooth nowhere-vanishing mul- 

tiple of (i-u A <iv. Near a point e £ Ei(~) R : we can find coordinates {it, so that /i = u mi v 
with = {v = 0} and u = f du + ugdv. Then /3(u;) = a; A ^ = (/f -1 - rriig)du A du, 
which is clearly in J? 2 <g> O(R). These computations also show that $ is surjective. 
Finally, define (3 to be (3 composed with the quotient map 

Q 2 <g> 0(R) ^ Q 2 ® 0(R)/Q 2 <g> 0(R - N + Z) 
Since N = Z at points of R fl E, we have 

f? 2 <g> C(.R)/^ 2 <g> £>(# - AT + Z) 9* f? 2 /^ 2 <g> 0(-AT + Z) f? 2 <g> CV-z 

Looking back now to the computation of f3(u) in the neighborhood W of e E Ei (~) Ej, 
we see that if (3(u) = 0, then (uv)~ 1 k2 G 0(Z — AT), so (m;) -1 /^^- is holomorphic in VF. 
Consequently, we see from our description of M(Z) in (3.19) that to G M(Z — E) 

To state the first corollary of the Proposition, we need a definition. 

(3.22) Definition: Let T be an O^-module. The Serre dual of T is 
If a : T — > £ is an (9^-homomorphism, then the Serre dual of a is aP: 

(3.23) . Corollary There is a short exact sequence of sheaves 

- fli (log E) ^ M(N) - Ojj(N - Z)/Ofj - 



= Hom 0o (F, QV). 
= Homo (a, Q}). 
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where a" is the Serre dual of a. 

Proof: We make the notational conventions of the proof of Proposition (3.20). Wedge 
product induces (9-bilinear pairings 

ft 1 (log E) x XeQ 1 {log E) -> Q 2 and J\f(N) x N(Z - E) -> Q 2 

which are easily checked to be nonsingular in the sense that the induced (9-homomorphisms 
are isomorphisms: 

ft 1 (log E) -=> Jfi^^log £)~and JV(AT) ^ A/"(Z - 
Thus, taking the Serre dual of the exact sequence of (3.20), we get an exact sequence 

-> ft 1 (log E) -> jV(iV) -> £xto{Q 2 <g> Cjv-z, ^ 2 ) -> 0, 
and it remains to identify the rightmost term with 0(iV — Z)/0. By [AK, p. 74], we have 

Ext x {Q 2 <g> N -z, fi 2 ) -=> ^^(Ojv-z, ^ 2 ) ® (^ 2 )* 

where (J? 2 )* := ftom(J? 2 , 0). By Serre- Grot hendieck duality [AK, p. 13] 

Sxt^ON-z, ^ 2 ) = Hom ON _ z (l N - Z /l 2 N _ z , Q 2 <g> Ojv_ z ) 

where T^-z is the ideal sheaf of A — Z, so that On-z — O/In-z- Hence, since 
Tn-z /1%-z is locally free and Q 2 is locally free of rank one, 

£xt l o {0 N - Z ^ 2 ) ® {C2 2 Y = Hom ON ^ z ^N-z/T 2 N -z^ 2 ® N -z) ® {Q 2 Y = 
Hom ON _ z (lN-z/I 2 N -z,ON-z) <E> n 2 ® (^ 2 )* Homo N _ z {T N -z/T 2 N _ z ,0 N . z ) 

and this last is isomorphic to {Xn-z)~ 1 /O = 0(N — Z)/0 as claimed. 
(3.24). Corollary 

a. The Ojj-homomorphisms a and a <E> Ofj[E — Z) induce surjections 

a* : H^U-AfiZ - E)) -» ^{U-Ie^I (log E)) 

and 

H\U-M) -» ^{U-lE^og E) <g> C(-Z)) 
6. T7ie Ofj-homomorphisms oT and aP<8> 0(j{.Z — E) induce injections 

<£: H\U- rt* (log £?)) - H\U-H{N)) 

and 

H\U; Ql(\og E) <g> C^(Z - £■)) ~ H\U;M{D^)) 
and isomorphisms 

F(U; OUlog E)) -=> F(U;Af(N)) and F(U; O} (log £) <g> 0^(Z - £)) T(U;tf(D y )) 
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Proof: Part b. is evidently equivalent to 

F(U; 0(N - Z)/0) = and T(U; G(N — E)/0(Z — E)) = 

which are [P, 4.1] (where D = N — Z) and [PS, p. 619] (where we take D = N and observe 
that H°(U; 0(Z -£))-> H°(U; 0(N — E)) is surjective since, by [P, 4.2], H°(U; O) -> 
H (U;O(N — E)) is.) 

To prove part a., let 5 be a coherent O^-module and let J denote the ideal sheaf of the 
complete intersection scheme N — Z. Then 

H X {U', Q 2 <g> N - Z ®S)=H\N- Z; Q 2 /XQ 2 <g> S/XS) 

which by Grothendieck duality on N — Z is isomorphic to 

Hom ON ^ z {n 2 jzn 2 <g> S/XS, u N - Z ) 

where ujn-z is the dualizing sheaf of N — Z. Since 

u N -z ■= £xto(0 N - Z , Q 2 ) 

which is, by [AK, p. 13] 

ftom 0iV _ z (J/J 2 ,^ 2 /J^ 2 ) 

we have 

Hom ON _ z (Q/XQ 2 <g> S/XS, u N - Z ) = Hom ON _ z (Q 2 /XQ 2 <g> S/XS <g> J/J 2 , Q 2 /XQ 2 ) 

Since Q 2 /XQ 2 is locally 0;v-z-free, this last is 

Hom(S <S> J/J 2 , (9/v-z)- 

When iS = O (resp. 5 = 0(E — Z)), we get, since N — Z is a complete intersection scheme, 

0(iV - Z)/0) (resp.H°(U; 0(N - E)fO(Z - E))) 

which were shown to vanish in the proof of part b. above. 

Now combining parts a. and b. of this corollary, we get a commutative diagram, in 
which the left vertical map is surjective and the right, injective: 

H 1 {U-X E Q 1 {\ogE)) ► H 1 {U-Q 1 {\ogE)) 

(3.25) 

H 1 (U;J\f(Z - E)) > H\U;^(N)) 

^From this the first statement in the following corollary is immediate, and the second and 
third are proved similarly. 
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(3.26) . Corollary 

a. The homomorphisms a and a" induce an isomorphism 

im(H 1 (U-,T E Q 1 (logE)) ^ H 1 (U-,Q 1 (logE)) -=> im (H 1 ^; M(Z - E)) -> H\U; J\f(N)); 

b. a and aMg) 0(Z — E) induce an isomorphism 

im (H 1 (t]\T E Q x (log E)) -> ^(^/^(log £)&£>(£-£)) -=> im (if 1 (17; N(Z-E)) -> H 1 (U;J\f(D 1 )) 

c. a® 0(E — Z) and aT induce an isomorphism 

lm(H 1 (U-T E Q 1 (logE)®0(E-Z)) -> if 1 ^; ^(logE)) -=> im (fT 1 (0"; AT) -> H\U;M(N)) 

To conclude this section recall the short exact sequences of sheaves on {7 : 

(3.27) -> J^^logE) -> J? 1 -> ©i*^. -> 
and 

-> f? 1 -> ^(logE) -> ©z*0 Si -> 
These give rise to exact sequences 

(3.28) H 1 (U;l E f2 1 (log E)) -A H X (U- Q 1 ) ©fT 1 ^; ^.) 
and 

(3.29) . Proposition 

a. H°(U; Q 1 ) ^ ^(U-Q 1 (log E)) 

b. f(kerhf) = 

Proof These follow easily from the fact that gd is an isomorphism, since it can be 
identified with the adjoint of the cup product pairing on H 2 (U;C), which is well-known 
to be nonsingular. 

Appendix: The Nash bundle and Hsiang-Pati coordinates 

Let M m be a smooth quasiprojective variety and let Gr(n, TM) denote the bundle with 
fiber Gr(n,m), the Grassmanian of n-planes in C m , associated to the tangent bundle TM 
of M. Let i : W M be a subvariety (always reduced) of dimension n and let W be the 
closure in Gr(n, TM) of the image of the section over W — Sing W defined by the derivative 
di : T(W - SingVF) -> TM. Then the bundle projection Gr(n, TM) -> M restricts to 
a proper algebraic map tx : W — > whose restriction to If - 7r _1 (VF — SingVF) is a 
biholomorphism onto If — Sing W. The pair (W, it) is called i/ie Nash blow-up of W; it 
is independent, in the obvious sense, of the choice of imbedding i. The canonical n-plane 
bundle over Gr(n,TM) restricts to an n-plane bundle NW over W, whose restriction to 
W — %~ l (W — Sing W) is the tangent bundle. NW is called the Nash bundle and is also 
intrinsic. 

Now one may get a resolution of singularities n : W — > W by resolving the singularities 
of W, say 7f : W — > If, and setting n := 7r o n. The following result was told to us by 
R. MacPherson (see also [GS2], where NW is called the generalized Nash bundle) It gives 
bundle data on W equivalent to the existence of such a factorization and allows us to 
extend the notion of Nash bundle to such W. 
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(A3.1). Proposition Let i : W M be a subvariety and let n : W — > W be a resolution 
of singularities. 

a. There is a proper algebraic map tx : W — > W" swc/i £/ia£ 7r = 7r o tt if and only if 
there is a bundle NW over W and a bundle map n : TW — > NW such that the 
tangent map d(i o n) : TW — > TM factors 

d(i o 7r) = no m 

where m : NW — > TM is a bundle map which is injective on fibers and covers ion. 

b. If the pair (NW,n) exists as in (1), then it is unique. 

(A3.2). Definition NW is called the Nash bundle (of tt : W -> Wj. 
We assume this result for the time being; a proof is given below. 

Let now n : W — > be a resolution which factors through VF. Let ?D G and let 
{wi, . . . , w m } be local holomorphic coordinates for M centered at w = tt(w) G M. Then 
the 1-forms {dwi, . . . , dw m } can be pulled back to sections {n*(dwi), . . . , n*(dw m )} of 
NW*. Since n* : TM* — > A^W"* is surjective on fibers, the tensor 

(A3. 3) 7tv := n*dwi <S> n*dwi 

defines a (nonsingular) Hermitian metric on NW which restricts to the singular Hermitian 
metric 7 on TW pulled up from the metric dwi <S> dwi on a neighborhood of w G M. 

Now suppose that the exceptional set of tt is a divisor E with normal crossings. Then 
it is easy to see that, in local holomorphic coordinates near each w, the volume form of 7 
is 

dW 7 = \d^\ 2 dW a 

where d 1 = is the local defining equation for a divisor D 1 supported in E and dW a is a 
local (nonsingular) Hermitian form on on A n iVTT. In case dim IT = 2, T> 7 will turn out to 
be the degeneracy divisor of 7 defined in (3.7) above. It is now immediate that 

£™ = M{h p N ® AW ® 0(T> 7 )) 

The proof is the same as that of part d. of Proposition (3.12 ) above. 

Observe that if the pair {NW, n) exists as in a., then n : W — > W factors tt, where 

tt{x) := (n(x),m(NW x ) G Gr(n, TM) X . 

To prove the rest of the theorem and make the connection to Hsiang-Pati coordinates, we 
need to work the context of sheaves. We use without comment the well-known eqi valence 
between the categories of locally free sheaves and of algebraic vector bundles given in [Ha, 
pp. 128-129]. For example, using standard properties of the sheaf Q 1 of differentials, the 
translation to the language of sheaves of part a. of the proposition is: 
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(A3. 4). A resolution it : W — > W factors through the Nash blow-up if and only if there 
is a pair (A/", v : Af — > ^^), where Af is a locally free sheaf of rank n on W and u\W — 
7r _1 (SingVF) is an isomorphism, such that the canonical map 



factors through v , 

5 = v o p 

where p : 7r*J?^ — > Af is is a surjective morphism of sheaves on W . 

Notice that our use of Af here is consistent with that of Definition (3.11): the pair 
(A/", 7r : U — > U) , where Af is the sheaf on U defined there, satisfies the condition above: 
we observed (following (3.11)) that Af is a subsheaf of l?i and that the canonical Ojj- 
morphism n*Q}j — > J?^ factors through that Af. 

We next recall the notion of blowing up a coherent sheaf; our discussion comes directly 
from [NA]. 

Let T be a coherent sheaf on a variety 

(A3. 5). Definition We call /3 : W ^ W the blow-up of W relative to T if 

a. [3 is birational and proper, 

b. [3* J 7 / Torsion (3* J- is locally free on W and 

c. if p : Z — > W also satifies (1) and (2), then there is a unique regular map Z — > W 
which factors through (3: 

p = <po(3 

and (f)*((3*F/ Torsion/?*^) p*(F/ Torsion p*T). 

Here is a local construction of the blow-up of W relative to J 7 , which shows that it 
exists. (In fact, it is also unique, [R].) Let U W be an open affine subset over which 
there is an CV-surjection 

(A3.6) O%^F\U^0. 

Let U° ^ U be the open dense subset where JF|£7"° is locally free, of rank r say. From this 
we get a section 

(A3.7) a:U° -> Gr(r, e#) = t7 x Gr(r, A) 

since the surjection 0^ — > jF|t7" of locally free sheaves on £/° corresponds to an injection 
of vector bundles 

V(JF|t/°) 
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(A3.8). Proposition [Ro] Let U := a(U°), E = U — a(U°) and let (3 : U -> U and 7 : 

U — > G7r(r, AT) 6e the induced maps. Then (3 is the blow-up of T\U , (3\U — E : U - E — > U° 
is biholomorphic and 

(3* J 7 / Torsion (3*F = 7* Q(r, N) 

where Q(r, N) is the universal quotient sheaf over Gr(r, N). 

Evidently, these constructions over afrine U covering W patch together to show that the 
the blow-up of W relative to T exists. We call E the it exceptional set of (3. 

(A3. 9) Examples 

a. Let JF = X be an ideal sheaf in Ow Here r = 1 and (3 is the blow-up of the ideal 
X([Ha,Rie]). In particular, if I is the maximal ideal m w of a point w in W, then 
(3 is the blow-up of W at w, denoted r : B£(W) — > W in the proof of (3.6) above: 
U° = U — w, a generator of the stalk of m w over x E U° is the linear form whose 
zero set is perpendicular at x to the secant line xw, so a section sends x E U° to 
Or, xw)eUx Gr(l, N) = F N -\ 

b. Let JF = be the sheaf of differentials on W. Here r = dimVF and it is clear 
that (3 is the Nash blow-up n : W ^ W ([T, III.1.2, Remark 3]). Set 

Mfy := it* Qw I Torsion ^Q]^. 

Then it follows from (A3. 8) that is the sheaf of sections of the dual NW* of 
the Nash bundle. 

We can now prove Proposition (A3.1), in the form (A3. 4). Suppose that n = non : W — > 
W is a resolution of singularities of W which factors through the Nash blow-up n : W — > W 
and set Af^ := 7r*A/^. Then the canonical map of sheaves on W, 71"*^?^ — * Af^ gives 
rise to 7r*>J?^/ = (tt t^Y^w ~^ ^*-^w = -^w wri ich evidently divides out the torsion 
subsheaf. Since the canonical map 5 kills torsion, 5 factors uniquely through an Ow map 
v : Af w — > fi^y. Conversely if a pair (A/", v : Af — > i?^.) satifies the condition in (A3. 4), 
then \i is the morphism which divides out torsion. By Proposition (A3. 8) a factorization 
n = ir o n exists such that tt*M w = Af w . This completes the proof of (A3.1), including 
part 6., which follows from the uniqueness in (A3. 5). 

Now let D r C C m be a subspace of codimension r. Let 

(A3.10) S(D r ) := {E r e Gr(r,m)\dim(E r nD r ) > 1} 

This is a Schubert variety, of codimension 1 in Gr(r,m) and denoted c\(D r ) in [LeT]; in 
[NA], it is S(D) where s = 1, D = (D r ) and a = (1) in the notation used there. Let 
(3 : W — > be the blow-up of relative to T and 7 : W — > 67r(r, m), the canonical map. 
The following is a consequence of the transversality theorem of Kleiman ([Kl, (.)] 

(A3. 11). Proposition With notation as above, we have for generic D r in Gr{m — r, m) 

a. r y~ 1 S(D r ) fl (W — E) is smooth and dense in r y~ 1 S(D r ), 

b. r y~ 1 S(D r ) is either empty or has codimension linW and 

c. r )~ l S(D r ) fl E is either empty or has codimension one in E, can be arranged to 
miss any given finite set of points of E, and, if dim E = 2, then r y~ 1 S(D r ) fl E 
consists of isolated smooth points of E. 
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If p : C m — > C r is any linear projection with kerp = D r , then p induces a trivial- 
ization of the universal sheaf restricted to Gr(r,m) — S(D), hence also, by (rossi), of 
Torsion (3*T over W — / y~ 1 S(D r ). We show next that it is this trivialization that is 
the source of the linear projection — > C 2 in (3.3). 

(A3. 12) Examples Return to the two examples (A3. 9). Since it is all we need in what 
follows, we assume that W = U, the neighborhood of a singular point v G V considered 
throughout §3. 

a. If r : (B£(U), C) -> (U,v) is the blow-up of U at v, then Gr(r,m) = P m "\ S(D) 
is a hyperplane H and the trivilization of 

r*m w / Torsion r*m w = xa w O B i{u) 

over ^ _1 (P m_1 — S(D)) is induced by a non-trivial linear function h : C m — > C 
where H = (h) and is just the global section ho t. The reader may now recast 
the proof of (3.6) using Prop. (A3.ll). In particular, iff : (U, E) -> (B£(U),C) 
is a resolution of singularities, e E E, n := n o n and 7r(e) ^ H C\C : then /i o 7r is a 
generator of m v Ojy near e. 
6. If 7r : ([/, i?) — > ([/", u) is the Nash blow-up and k, I : C m — > C are linear functions 
such that ker /cflker/ = D 2 , then A/"^ is trivialized over U — r y~ 1 S(D 2 ) by the global 
sections {/j,(Tt*dk), fj,(7t*dl)}, where ji : 7r*i?^ — > A/" is the factor of the canonical 
map 5 in (A3. 4). Hence if n : (U, E) — > (U, E) is a resolution of singularities, e 6 £, 
7T := 7r o 7r and A/"^ := 7r*A/^ and 7r(e) ^ S'(D) fl E, then o 7r), d(l o %)} is a 
basis for Mjy near e. Remembering that M in Prposition (A3.1) is a neighborhood 
of the origin in so that TM is identified with C^, we can equivalently say that 
(k, I) o m : At/ — > C 2 is in isomorphism on the fibers of At/ near e. 

We must now combine these examples. To do this consider the commutative diagram 

(U,E) (U,E) 
(A3.13) J L 

(Bt(U),C) — (t/, V ) 

where (C7, E 1 ) is the fiber product of (B£(U), C) and (£7, i?). In fact, ro7r = 7rofis the 
blow-up of t/ corresponding the the sheaf (module in this case) m„ © Q\j. Then f is the 
blow-up of E, 7r is one-to-one except over a finite subset B(C) of C and f is finite-to-one 
outside a finite subset B(E) of E 1 . Hence outside B{C), n factors the normalization of 
B£(U); similarly for B{E) and f . Finally, let 

n:(U,E)^(U,E) 

be the normalization. Then U has only isolated singularities, outside (it o n)~ 1 B(C) is 
the normalization of B£(U) — B(C) and, outside (f o n) _1 B(E), is the normalization of 
U-B(E). 
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Now suppose given F(C) : a finite subset of C and F(E), a finite subset of E. Choose 
the linear function h in Example (A3. 12a) (or the proof of Proposition (3.6)) so that the 
corresponding hyperplane also misses B(C) U F(C); and choose the linear functionals k 
and / in part b. of (A3. 12) so that the Schubert variety ^(ker Zenker /) misses B(E)UF(E). 
Such choices are possible and generic, according to (A3. 11c). 

(A3. 14). Proposition Let tv : (U,E) — > (U,E) be a resolution of singularities factoring 
through the normalization U of U , let e G E and set tv = (tv o f ) o jv = (r o fv) o jr. Then 
there is a hyperplane H = ker h G Gr(N — 2, N) = P^ -1 and a codimension two plane 
D = ker k fl ker / G Gr(N - 2, N) such that 

a. h o % generates xx\ v O^ near e, 

b. {d(k o 7r), d(l o 7r)} generates Mfj near e and 

c. D CH 

Proof The discussion above, where F(C) = tt o jf(e) and F{E) = f o 7r(e), proves a. 
and 6. 

To prove c, begin with the following simple fact: Let D G Gr(N — 2,N), let £ be 
a neighborhood of it in Gr(N - 2, N) and let L> C H G 67r(A^ - 1, N). Then any 
sufficiently close to H is contained in some D' G Q. Now call D G Gr(N — 2, A/") good if 
it misses B(E) U F(E) and ii" G Gr(AT - 1, N) good if it misses B(C) U F(C). The sets 
of good planes are dense and open in there respective Grassmannians by the discussion 
above. Let D be a good plane in Gr(N — 2, N). Then there is a hyperplane H D D and a 
sequence {Hi} of good hyperplanes converging to H. Now choose a neighborhood Q of D 
consisting of good D's. Then the simple fact says we can find some D' G Q and some Hj 
with D' C Hj. 

We can now use these blow-up and transversality considerations to derive (3.3) in its 
proper context. 

(A3. 15). Corollary [HP] Let v G V be an isolated singular point on a complex surface. 
Then there is a neighbohood U of v and a resolution of singularities tt : (U, E) — > (U, v) 
such that for each e G E there are linear functions k , / : — > C satisfying properties 
a.-c. of (3.3). 

Proof. It follows from part c. of Proposition (A3. 14)) that we may take k = h in parts 
a. and b. We take E := ^ rriiEi to have simple normal crossings and suppose e G E\ fl E<i 
is at a crossing; the proof in case e is a simple point of E is similar. Then we have, for 
(j) := k o % and tp := I o tt and suitable local coordinates {u,v} with E\ = {u = 0} and 
E 2 = {v = 0} near e, 

= ^ ; d(p A dip = d^du A cfe, 

where <i 7 = is a local defining eequation for the degeneracy divisor of 7. Let us now 
for the sake of convenience work with elements of O, the ring of germs of holomorphic 
functions at e. The fact that 7 degenerates only along \E\ means that 

d 1 = /ju dl v d \ iieO* 
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for some no n- negative integers d\ and di- 
Since 

d(f> A dip = u mx ~ x v m ^~ 1 {m 1 v^ v - m 2 uil) u ) 
we will need the following simple lemma whose proof is left to the reader. 
Lemma. Let D mitm2 : O — > O be the ^-derivation 

D mi ,m 2 g = mivg v - m 2 ug u 

Then 

kerD mum2 = C{z} 

the ring of convergent power series in z := u ( m i- m 2) v ( m i> m 2) } where (mi, m^) is the greatest 
common divisor of mi and 1112; and im -D mi>m2 consists of convergent power sreies 



v b 



where m\b — m^a 7^ 0. 
Using the Lemma write 



Since ifj must vanish along E, but to no lower order than 0, we have i > (mi, 1712), a > mi 
and b > vri2 in these sums. We can now compute 

umi -i v m 2 -i J^irmb - m 2 a)r a , b u a v b = w 7711 " 1 ^ 2 " 1 D mi ^ = ixu dl v d2 

and hence 



y b _ uu d 1 -m 1 + l v d 2 -m 2 + l 



for some v 6 O*. Set 

Hi := di — rrii + 1 

Then since a > mi and b > m,2 for all a and 6, > rrii and the proof is complete. 
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§4: The cohomological Hodge structure in dimension two. 

The main purpose of this section is to prove Theorem B: we construct the filtered quasi- 
isomorphism A : (£', J-') —> (A, J 7 ') and verify that the canonical maps k v c : gr p C v — > £ Pr 
are isomorphisms for each p. In addition, we will compute ((4.19)-(4.22)) the L 2 — B- 
comology groups H p ^ q (V), where dimV = 2 and B = D, D/N and N. Throughout this 
chapter we keep the notations and conventions of §1. 

Since morphisms in X>£. are in general not chain maps, but rather equivalence classes of 
pairs of them, it is reasonable to expect A to have this form, and this is indeed the case. 
Let 



{A k (\ogE), A; = 0,1 
A\Q 2 ) © A\M{Z - E)) © A 2 {0{-E)), k = 2 
0, k = 3, 4 

and define 

We use the notation here because of the important role to be played by the Nash sheaf 
W, defined in §3. 

There is an obvious decreasing filtration (by holomorphic degree) on AC, and we thus 
regard it as an element of V^(V). It is easy to see that AC is a subcomplex of both C 
and of A\ respecting all the nitrations, so there are maps, Ai and A2 in "DjF^(V), 

(4.2) C^-Sf^A 
What we will show is that 

(4.3) A := AiA^ 1 : C v -> A v 

is an isomorphism in PjF^(V). To do this it is necessary and sufficient ([II, V.1.2]) to show 
that for each p the morphisms of the associated graded complexes 

(4.4) gr^Cy gr^Afy gr^Ay 

are isomorphisms in V^,(y); i.e., that gr^Xi and gr p c \2 are quasi-isomorphisms. 
Now in a fixed degree k, we have for q := k — p 

(4.5) gr v T t k y C 



the L 2 -forms of type (p, q) on V. Here is an important observation: 
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4.6. Remark This is not an equality unless p = dim V. In general, to show that a form 
to E L p ' q is in the image of gr^Cy, we must show either that 83^ E L 2 (for appropriate 
B) or find a form a in J= p + X t v so that du + daEL 2 . 

Entirely analogous remarks apply to the filtered complexes of sheaves N' and A': the 
associated graded complex of each differs, in its imposition of an "extra" 9-condition, from 
its naturally associated "pure ^"-complex, denoted J\f Pr and A p ''; and there are inclusions 
of complexes of sheaves 

(4.7) &>■ <¥- ti p >- A 

Now it is co ho mo logy of these latter complexes £ Pr , N' p, ' and A p '' which can be com- 
puted most easily, so our strategy is to show that the morphisms which forget the d- 
conditions are quasi-isomorphisms and then to show that and X?, are quasi-isomorphisms. 

To be precise, we have the commutative diagram of complexes of sheaves 

gr p C' <— gr p N' — > gr v A' 
(4-8) 14 ik p A 

£P, ■ <_ j\fp, ■ _, J\p, ■ 

Hence to prove the top horizontals in (4.8) are quasi-isomorphisms, it is enough to prove 
that the vertical and bottom horizontal morphisms are. 

These are local statements which are obvious on the smooth part of V, where the 
complexes in (4.8) are identical. Hence Theorem B will follow from: 

4.9. Theorem Let V be a complex projective surface and let S' = C , Af' or A' . 

a. Let v E V be a singular point. Then the stalk map 

k p ■ nr p S' — »■ S p ' ' 
K s,v ■ 9 r ° v ^ °v 

induces isomorphisms on cohomology for all p. 

b. The local cohomology groups H p ' q (S v ) := H q (S p ''), arranged in the Hodge dia- 
mond, 

H^(S V ) 
H^{S V ) H^{S V ) 
H^{S V ) H^{S V ) H^{S V ) 
H^{S V ) H°'\S V ) 

H°>°(S V ) 

are isomorphic to the local cohomology groups 
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tt*^ H\AV) R 2 n*Oy jV 

n * nl V,v Rl7l *°V,v 

where tt : V — > V is any resolution of the singularities of V . Moreover, these 
isomorphisms are compatible with the maps on stalk cohomology induced by the 
bottom horizontal maps in (4-8). 

Proof: The stalk cohomology groups are all direct limits of global section cohomology 
of open neighborhoods U of v. In case S' = N' ox A these in turn are (since Af' and A' are 
direct image sheaves) cohomology over open neighborhoods U := n~ l (U) of E := 7r _1 (v), 
the exceptional divisor in V; in case S' = the same is true because of (3.9) and (3.10). 
So in the proof we will work in such U without further comment, except when it is necessary 
to choose U (and hence U) to have a psedudoconvex boundary. (This is permissible since 
such U are cofinal among all neighborhoods of v in V.) Also the compatibility of the 
isomorphisms in b. will be clear from the proofs and will be left to the reader. Finally, the 
isomorphisms in a. will all take the form 

K p d q v :H^{gr^S v )^H^Sl-) 

and will be done case-by-case, identified by a choice of S' and of {p, q). The issue in 
these arguments will be the same as that described in the introduction to this section, in 
particular (4.6): the elements of gr p S v must be in dom d, while those in S%' ' satisfy the 
weaker dom 8 condition. 

• S' = £' and (p,q) = (0,0): Let [(f)] G H°(U; '). Then [(f)] has a representative 
<j> G C°'°(U) with 8d4> = 0. This follows from (2.27), but can also be proved more readily 
in this case as follows. Let <f>i — > and d(f>i — > dr>4> = 0, where (pi is a sequence of smooth 
functions on U supported away from v. Let rj be a smooth compactly supported function 
on U, rj = 1 on a neighborhood U' of v. Clearly, 

5(i](fii) = dr\ A (f>i + i]d(fii — > Bt] A </> 

In particular, lim d{r](f>i) exists, and so is Cauchy. Now using equality of the Laplacians 
and Ag on functions of compact support, we get 

< d{n(f)i - rj^j),d(rj^i - nfa) > = < <9(#; - r)<j>j), dfyfc - rj^j) > 

for all % and j, so that d(r/(pi) is Cauchy as well. Thus we have the convergence of d(rf(f>i) 
on U' so that <j>\U' G gr°C°-(U'). Thus k ~° v ■ H (gr°£ v ) -> H°(C°'-) is surjective. As it 
is clearly injective, it is an isomorphism. 
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Finally, by [P, 4.7], the natural map 0(Z - E)(U) -> C°jf(U) induces an isomor- 
phism onto ker d^. This implies that kerd^ = 0(U); for if dpcf) = 0, then by (2.27), 
0/plog(l/p) G where p = r o % and r is the distance from the singular point v. 

Since we already have G 0(Z - E)(U), it follows from (3.4b) and (3.3b) that € C(?7). 
Conversely, if G £>(£/), then clearly 8 N <j) = 0; and <f>/p G by (3.4b), since Z < D~. 
Thus by (2.18), £ dom d^,. This completes the proof of part 6. in this case. 

• S- = A and (p,q) = (0,0): By definition, A°>°(U) = A°'°(U;\ogE) = A°>°(U). 
Since dA°>°(U) C ^(C/) C .A (17, ^(logS)) = A 1 ' ^), is surjective. Injectivity 
is obvious. 

• S' = N' and (p, q) = (0, 0): In degree < 1, N' = A', so this case is identical to the 
previous one. 

• S' = C' and (p,q) = (0,1): To begin, observe that we have natural inclusions of 
complexes of sheaves 

and 

These induce the horizontal maps in the commutative diagram 

#o,i(£/) > H l {U-£ D °>-) 



hi* 1 (try — Hi{tr;C N 2 >y 

in which we take £7 to be a pseudoconvex neighborhood of £7, so that H G,1 (U) and H^ 1 ^) 
are finite -dimensional ([KF, 4.3.2, 5.1.7]). The bottom horizontal map is an isomorphism 
by the main theorem of [PS], and the verticals are Serre Duality isomorphisms ([KF, 
5.1.7]and [PS, 1.3c]). This proves part b. in this case; and it shows that, given [0] G 
i? 1 (t/", Cd ' ), we may assume is a smooth 1-form on U. We now claim that [<90] G 
if 1 (t/"; J? 1 ) is in the image of the map 

H\U;N(Z - E)) -> jf^f/; f? 1 ) 

induced by the inclusion ((3.19) or (3.20)) of sheaves M(Z — E) J? 1 . If this is assumed, 
there is V e A(U;N(Z - E)) C A 1 '°([7) such that 

5if>-d<l>eA 1 (U;M(Z-E)) 

Since W(Z - C r 1 - 1 and d-0 G A 2 ' (t/) C £ 2 '°([7) we have d(ip + 0) G i- e -, 
■0 + G dom rfiv- But since ?/> + is smooth it follows from (2.18) that ip + G dom cio, 
so is surjective. (Compare this argument to Remark (4.6).) 

To prove the above claim, recall the exact sequence of sheaves (3.27) 

-> TE&QogE) -> f? 1 -> 9^ -> 
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This induces the exact sequence of vector spaces (3.28) 

Clearly, g[d(p] = [dg<j>] = 0, so [d<j>] £ im/. Hence, (3.24a) finishes the proof of the claim. 

To show injectivity, suppose u := ip + <p £ C lfi (U) © C°^(U) = ^(U) is such that 
dooj £ F 1 £ 2 ([/") and = dpf for some / £ C°(U). By the argument from the case 
S' = t' and (p, (/) = (0, 0) above, / G dom do, so in H l {gr°t v ), [uj] = [ip] = 0. 

• S- = A and (p,Q) = (0,1): By definition, H ' 1 ^) -=> ^L ' - )- Next, given 
G .A ' 1 ^) = v4 0,1 (t/) with 8<p = 0, the argument in the previous case shows there is 
ip G A^°(U) C ^°(C7; ^(logS)) := i 1 ' ^) such that dtp - d(f> £ A 1 (U '; X^ 1 (log £)) = 
^4 1 ' 1 (L r ). Since <9?/> C *4°(£/"; J? 2 ) = ^4 2 '°(t/"), this shows ^ is surjective. Injectivity is 
obvious, so k is an isomorphism. 

• S- =Af- and (p,q) = (0,1): Since A/" 1 ' 1 (£7) := A\U; Af(Z-E)) and A^ 2 >° = A 2 ' , the 
surjectivity follows from the proof of the case S' = except that we may immediately 
assume that our form <p is in A 0,1 , since A/" ' 9 = A 0,q . The injectivity follows similarly and 
H ' 1 ^) — > H l (U, A/" '') is an isomorphism by the previous case, because A/" '' := .4 ''. 

• 5' = £' and (p, g) = (0, 2): First note that H 2 (£®' ') = since, for any pseudoconvex 
neighborhood 17 of E, [PS,KF. loc.cit] shows H^ 2 (U) ^ J? 2 (£/)* = 0. It remains to show 
that H 2 (gr°C v ) = 

Let [4>] £ H 2 (U,gr°C); then G £ 2 (?7) and cijv0 G £ 3 (?7). Suppose k°' 2 [0] = 0; then 
there exists £ G £ 0,1 (£/") such that do£ = <fi 0,2 - By (2.47), we can choose this £ so that 
d D i £ t 2 . Thus, [ip] = e H 2 (V; gr°C). 

• S' = A and (p,q) = (0,2): By Malgrange's theorem [M], H 2 (U;1 E ) = 0, so 
i7 2 („4°'") = 0. We will show that 

(4.11) H 2 (A V ) - H 2 (gr°A v ) 

is surjective. Then since A is quasi-isomorphic to XC', the intersection cohomology com- 
plex on V (see (1. )), we have H 2 (A V ) = so that H 2 (gr°A v ) = as well. 

So let £ = £ 2 ' + f 1 ' 1 + £ ' 2 G „4 2 (?7) satisfy d£ £ F 1 A 3 (U) = A 3 (U). By Malgrange 
again, H 2 (U; A 1 '') = H 2 {\J\X E Q X (log E)) = 0, so there is rj £ A 1 ' 1 ^) = A 1 {U;l E f2 1 (logE)) 
such that di] = dt; 1 ' 1 — <9£ ' 2 . Since the elements of A 1 {U ; T E Q l {log E)) are smooth 
(lE&QogE) C f? 1 ), ^ G A 1 ^;^ 2 ) = -4 2,1 (?7), so 77 G F 1 ^ 2 ^). Hence, replacing £ 
with £ — 77, we may assume that (<i£) = 0. But now we have d(d^) 2,1 = 0, so by [GR] 
there is r G A°{U; tt 2 ) = A°(U; X E f2 2 {\ogE)) = A^{U) such that Br = (d£) 2 >\ As above 
we may assume that d£ = 0. Hence (4.11) is surjective. 

• S' = A> and (p,q) = (0,2): By definition, H 2 (Af®>-) = H 2 (A° V ''), which was just 
shown to vanish. Again it follows easily from the definition of AT that H 2 (Af v ) H 2 {A V ), 
which vanishes, as we saw above. So to show that H 2 (gr°J\f v ) = it suffices to show that 

H 2 (ti v ) -> H 2 (gr°Af v ) 
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is surjective. But this is immediate from the fact that A/" 3 = (so £ G Jv 2 (U) representing 
an element of H 2 (gr°J\f v ) is automatically closed). 

• S' = t' and (p, q) = (1,0): By definition, ker Bn = 0^(U) and so by (2.43) and 

the definition (3.11) of A/", ker<9 D =N(N)(U). But by (3.24b) Af(N)(U) = ft 1 (log £)([/), 
which equals J? 1 (£7) by (3.29a). Hence, kerdp = Q 1 {U) and it follows easily from this 
that k£ v is an isomorphism: surjectivity is the only issue, and we need only show that 
if u> G dom dp , then to G dom d]f. For this, the proof above that G dom do, in case 
<S' = £' and (p, (/) = (0, 0), applies essentially verbatim. The only thing to add is that the 
identity used there becomes 

< 5(i](pi - Tifa), d{r]4>i - rifa) > =< <9(#; - T]4>j),d{r](j)i - 77^) > + < #(77^ - #j), #(#; - #j) > 

>< d{f]4>i - 7](p J ),d(7](j)i - 7]<f>j) > 

where $ denotes as usual the formal adjoint of d. 

• S- = A and (p,q) = (1,0): By definition, H Q {U;A X >-) = f2 1 (logE)(U) which equals 
f2 1 (U) by (ref). It follows from this that i\^ v is an isomorphism. 

• S' = N' and (p, q) = (1,0): The proof here is identical to that of the previous case. 

• S- = t and (p,q) = (1,1): Let [f] G H 2 (U; gr 1 ^) be in the kernel of nh\ Then 

given the decomposition £ = £ 2 ' + 1; 1 ' 1 of £ into type, we have djv£ £ F 2 C 3 (U) and there 
is ^ G £ 1 '°(L r ) such that <9d(/> = £ 1 ' 1 . We showed above in case S' = t' and (p, q) = (1, 0) 
that this implies 4> G dom do, so we get [£] = [£ — <ir></>] = in H 2 (U; gr 1 /!'). 

To prove surjectivity of k^' 1 , suppose given [£ 1 ' 1 ] G H 1 ^; C 1,m ). We show below that 

we may take £ ' to be a A/"(Z — -E)-valued (0,l)-form. (In fact, we show there is a 
surjection ^(ttJV^Z - E) v ) -> fl" 1 ^' 1 )). If we assume this, then since M{Z-E) C J? 1 , 
^i,i e ^(fj), the smooth (2,l)-forms on 17. Since dd^ 1 ' 1 = -dd^ 1 ' 1 = 0, there is 
([GR]) £ 2 ' G „4 2 '°([7) such that <9£ 2 ' = -d?' 1 . Hence £ := £ 2 ' + C 1 ' 1 G F 1 C(U), 
d N £ G F 2 C(U) and /c^' 1 [f] = [C 1 ' 1 ] as required. 

To justify the assumption just made, we show there is an isomorphism 

(4.12) \m{H\*M{Z - E) v ) H\*M{N) V )) ^ H 1 ^ 1 /), 

which will also prove the isomorphism of part b. of the Theorem by (3.26a). 
To begin we show there is a commutative diagram of sheaves on V 

M°{N{Z-E)) — M\N(Z-E)) — M 2 (A/7;Z-£)) 

(4.13) J* 

where A4' (J\f(Z — E)) denotes the 9-complex of sheaves of Af(Z — i?)) -valued measurable 
forms of type (0, •) on V, C^ ,q is the sheaf of measurable forms on V which have locally finite 
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L 2 norm with respect to the (degenerate) metric 7 pulled up from the induced Fubini-Study 
metric on V, and the vertical maps are inclusions. First of all, the two rightmost inclusions 
follow from (3.12d) and the middle one shows that Ai°(N(Z — E)) C dom 8%. To complete 
the justification of the diagram, we must show that M°(Af(Z-E)) C dom d%. By (3.12d), 
£i,o = M°(Af(D 1 )) := M°(Af(Z - E + N)). Let p : U -> R denote the composition of 
tv : U ^ U with the distance map r : C/ — > R coming from the imbedding of {7 into C^. 
Since the divisor /V > Z (by (3.3c)), we see from (3.4b) that if u E M°(M(Z - E))), then 
uj / p E C^' . We now conclude that 00 E dom 8^ as in the case S' = C and (p, <?) = (0, 0). 

Let us now apply r(V"; ) to (4.13). Observe that the composite operator iBn is com- 
pactly approximable in norm since E is of real codimension two in U ([PS,, proof of 
(3.6)].). This allows us to replace the diagram above with the commutative diagram of 
Hilbert spaces 

M°{M{Z — E)) — M 1 {N{Z-E)) — M 2 (A/"(Z-£)) 
(4-14) I I 

Li' -^U LM M 2 (AT(Z-E)) 

To use (4.13), we introduce the following Lemma. It gives conditions on a map between 
complexes of Hilbert spaces under which one may conclude surjectivity of the induced map 
on cohomology; in effect, it gives conditions under which one may reverse the standard 
implication ([PS, 1.3(a)]) u H k {V,C) finite dimensional =^ range d closed" . 

4.15. Lemma Let 1 : (M',D') (L',d) be a bounded inclusion of complexes of Hilbert 
spaces, • = 0, 1, 2, such that 

(1) the operators D' and d' are closed, 

(2) the cohomology H 1 (M') is finite dimensional, 

(3) i 2 is an equality, 

(4) there is a subspace L\ C M 1 such that if d\ := d 1 \L , then the operator closure 
d\ = d 1 and 

(5) range d° and range D 1 are closed. 

Then if 4> E dom d 1 , there exist ifj E dom D 1 and A E L° such that <fi — d° \ = ifj . In 
particular, H 1 (M') — > i? 1 (L') is surjective. 

. Proof: To aid in following the proof, we display %: 

M° — ^ M 1 — ^— M 2 
(4-16) i0 | 4 i| 

L o L i L 2 

An element of M % will be regarded when convenient as an element of L l . 

Let <p E dom d . Assumption (4) says there is a sequence {4>j} in L\ such that <pj — >■ <fi 
and {d}(j)j = D x (f)j} converges in M 2 = L 2 . (Here and below, £j —> £ means that the 
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sequence £j converges in the Hilbert space H to £.) By assumptions (1) and (2), M 1 has 
a "Hodge Decomposition" ([KK, Appendix]) 

M 1 = im D° JL im D 1 * JL ft 1 

where 7Y 1 := kerZ} 1 n ker is finite-dimensional. Using this, write 

0j = D ^ + D 1 * lj + hj 

Note that we do not know whether {(f) j} converges in M 1 , so we can't conclude that any 
of these terns converge there. Since D l (f)j = D l D l *^j converges in M 2 and the range of 
D 1 is closed, -D 1 *7j converges in M 1 . We replace <j> with <fi — limL> 1 *7 and denote it <j> 
again. We now have d l 4> = and a sequence {<j)j = D°f3j + hj} in M 1 (not necessarily in 

L l c ) such that <pj —> 4> and D 1 <pj = d l 4>j M ~ L > 0. 
Now write 

hj = h° J + h) where h] G ker^ 1 -> B X {L)), and /ij G ker(7Y 1 -> iJ 1 (L'))- L , 

and, for each j, choose ctj G L° such that dPctj = D°f3j + hj. 

Since ^/H^Hl 1 is bounded in the finite-dimensional subspace i lr h} C L 1 , we may 
assume, perhaps after passing to a subsequence, that it converges, say to h 1 G L 1 . We 
claim the sequence {H^Hl 1 } is bounded. If it were unbounded, then (passing again to a 

subsequence if necessary) — > 0, so d (ay/HMHi, 1 ) — > — h . But then, since the 
range of d° is closed, h 1 G im d°, which contradicts the fact that h 1 G ker(?i 1 — ► i7 1 (L'))- L . 
Now since is bounded, H/ijUM 1 is bounded too, because the L 1 - and M 1 -norms 

are equivalent on H 1 . So there is a convergent subsequence, hj > h*, and from 

<f>3 = D°(3j + h°j + h) = d° aj + h) 

we get 4> — h* = lim dPctj, which equals <i°A, for some A G L°, since d° is closed. 

We have verified that all the hypotheses of (4.15) are satisfied in (4.14) except one, 
namely that the range of dp be closed, which we now verify. First the range of is 
closed if and only if that of its Hilbert space adjoint (dp)* is; and this would follow from 
the <9o-Hodge decomposition if we knew Hp (V) were finite. Because H)?{V) C H]f{V), 
this follows from the computation made in (3.12d): 

4.17. Lemma H]f{V) = H (y-,Af(Dj) 

It now follows from (4.15) that H X (N{Z - E) v ) -> H 1 ^) is surjective: take <j> G 
£ 1 ' 1 ([/)for some U D E, get a global form rjcj) G L 7 using a cut-off r\ as in the case 
S- = t and (p, q) = (0, 0) above and use (4.15) to get i/j G M l (M(Z - E)) and A G L 7 '° 
such that <p-8 D \ = Then on some U' C J7, [0] is in the image of ^(U'lAf^-E)) -> 
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Now we claim that the map H 1 (U;Af(Z — E)) — > H l (U; C 1 '') passes to a map 

i^{H\U-M{Z - E)) ^ H\U-^{N))) ^ H\il-C^). 

To prove this, suppose that dip = <j> G M 1 (U;M(Z - E)), where ip G M° (U '; N \N)) . Then 
in ^''(U), d^ip = 4>i and we claim that we can replace N by D. To do this we appeal to 
the argument in [PS, (3.6)]. Namely, we need the "trace estimate" [loc. cit.,(3.7)], which 
follows since the equation dip = <j> holds in M'(M(D 1 )), where we can appeal to the same 
elliptic regularity ([H2, (4.2.3)]) as was used in the proof of [PS, (3.6)]. Finally, we claim 
(4.12) is an isomorphism. To see this, suppose <p G AA 1 (Kf(Z — E)) and doip = (p, where 
ip G C lfi (U) = M°(U\H(D 1 )). Then by (2.47), we can arrange that tp/plogp G C lfi (U). 
It now follows easily from (3.4b) that, since N = D 7 - Z + E, ip e M°(U; Af(N)). Hence, 
(4.12) is injective. 

4.18 Remark The argument in the last paragraph can be used together with (4.17) to 
show (D 7 - (Z - E) = N) 

H D ]°(V)=H°(V;Af(N)) 

Details are left to the reader. 

• S'=A and (p,q) = (1,1): Let £ = £ 2 - + f 1 ' 1 G A°(U; Q 2 ) ® A^U; IeQ 1 (log E)) 
represent an element of the kernel of k 1 ^ : hence t; 1,1 = 8<p where <p £ A°(U; £2 1 (logE)). 

This implies that [£] is in the kernel of the natural map H 1 ^; f2 1 (logE)) — > H 1 (U;Ie^ 1 (log 
This map factors through if 1 (£7; J? 1 ) and(3.29b) shows [£] vanishes there, so there is 
(p G A^iU-Q 1 ) such that d<P = C 1 ' 1 - Since A 2 '°(U) := A(U;X E [2 2 (log E)) = A(U-f2 2 ), 
d(p G A 2 '°(U) : so we have [f] = [£ - f 1 ' 1 ] = [£ 2 '°] = in ^(g^Ay). So k£ v is injective. 
The proof of surjectivity is essentially the same as that in the immediately previous case. 

• S' = Af' and (p, q) = (1, 1): That is injective is proved in the same way as for 

k 1 ^; we only need to add that N*(Z — E) C Z^f^log-E). Surjectivity again uses the 

same argument as for that in case (p, q) = (1, 1) and S' = £' . 
To prove the isomorphism of part b., notice first that 

H\A7y) = im ^{U-MiZ - E)) -> H\U- Q 1 (logE))^ 

which, using the surjection in (3.24a), is isomorphic to 

im (^H 1 {U -IeQ 1 (log E))) H 1 (U ; Q 1 (log E)f) 

as desired. 

• S- = b and p + q > 2: By [01], H^(t^) = 0. To show HP + i(gr p C v ) = 0, we must 
strengthen Ohsawa's argument to include 9-control. Specifically, we need the following 
result. 
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Lemma. Let </> G jC p ' q (U), p + q > 2. TTien there exists v G jC p ' q ~ 1 (U) such that d^v = <j) 
and v G dom <9at. 

The proof is easily adapted from the careful exposition of Ohsawa's argument in [PS, 
2.3] 

Now we can argue as we have several times above: given any [ip] G H p+q (U ; gr p C'), we 
may assume the (l,l)-component of ip is zero, which means [ip] = 0. 

• S' = .4.' or A/' and p = 2: In these cases, gr 2 S' = S 2 ''. The calculation of 
H*(S 2 ' ') is clear in case S' = A' or M' and follows from the main theorem of [PS] in case 

We now compute the Neumann and Dirichlet L2 — <9-cohomology groups H^iV) and 
Hp q (V) of an algebraic surface V. Most of this has already been done: from [PS] we have 

(4.19) H 2 ^ q {V) = H q {V;Q 2 ), H^ q (V) = H q (V; Q 2 (E — Z)) 
and by duality 

(4.20) H°N q (V) = H q (V;0(Z - E)), H^ q (V) = H q (V; O); 
and from part b. of Theorem (4.8) and (3.29a) we have 

(4.21) H]f(V) = H 2 (V -IeQ 1 (log E)), H)f(V) H°(V; f2 1 (\ogE)) = H°(V; Q 1 ) 
4.22. Theorem Let V be a complex projective surface. Then 

H)f(V) 91 H 2 (V;l E f2 1 (\ogE)®0(E-Z), H^°(V) = H°(V; Q 1 (log E)®0(Z — E)), 
H^(V) im(H 1 (U;l E Q 1 (\ogE) <g> 0(E - Z)) -> H\U; f2 1 (\ogE))) 

and 

H X /{V) im(H 1 (U;l E Q 1 {logE)) -> tf 1 ^; ^(logE) <g> 0(Z - £))) 

Proof: We begin with the Neumann groups and follow the proof of Theorem (4.1) in 
the case S' = t' and (p, q) = (1, 1). There is a commutative diagram of sheaves on V 

M°(M(D y )) — M\N{Z-E)) — .M 2 (A/"(^-£)) 



4'° -^-> £M -^-> £ 7 ' 2 

where M°(Af(D y )) consists of those w G M(Af(D^)) such that <9°w G M 1 (Af(Z - E)); 
in particular, the middle cohomology of the top complex is im(H l (U;J\f(Z — E)) — > 
H 1 (U;J\f(D 1 ))). We again get a second diagram 

M°(AT(D 7 )) — M X (M(Z — E)) — M 2 (M(Z-E)) 



L 7 '° -3*-> -^-> M 2 (A/(Z-i?)) 
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and to apply (4.15) we need to know that the range of B% is closed. This is equivalent 
to the range of (d%)* being closed, which in turn follows from the fmiteness of H^°(V) 
(Lemma (4.17)). Now following the argument above following gives us a surjection 

(4.23) imOff 1 ^; M{Z - E)) - H 1 (V;J\f(D 1 ))) - H]^{V) 

Moreover, if kerd 1 3 %j) =_ d%oj G L]^(V), then since M°(M(D 1 )) = C 1 ' and M l {M{Z - 
E)) = C 1,1 , we get ip = d°u. Hence (4.23) is an isomorphism. Hence the claimed compu- 
tation of H^CV) follows from (3.26b). 

Now notice that since A 2 Af(D 7 ) = Q 2 ((3.12d)), we have nonsingular pairings 

N x A/"(D 7 ) -> O 2 

and 

M{Z - E) x M{N) -> f? 2 

It now follows from Serre duality and the duality between Dirichlet and Neumann coho- 
mology ([PS, (1.3c)]) that there is an isomorphism 

im (H 1 (U ; Af) ^ H 1 (U; Af(N))) ^ H 1 /^) 

(This could also have been proved as the isomorhism (4.23) was.) 

Finally, the computation of H^°(V) follows from (4.18) and (3.12d). 
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